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Abstract

This article considers weakly singular, singular and hypersingular integrals, which arise
when the boundary integral equation (BIE) methods are used to solve problems in 2-D
elastostatics. For their regularization, an approach based on the theory of distribution and
application of the Green’s theorem has been used. The expressions, which allow an easy
calculation of the weakly singular, singular and hypersingular integrals for straight and
curved boundary elements, have been constructed.
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1. Introduction

The BIE is a very powerful tool for the solution of mathematical problems in science
and engineering [1-3]. When the BIE are solved numerically divergent integrals have to
be calculated. Numerical methods developed for the regular integrals calculation cannot
be used for their calculation. There are many methods for the divergent integral
calculation (for references, see books [3, 7] and review articles [4, 5, 8] and references
there). We will not discuss here advantages and disadvantages of these methods; they
have already been done in the above mentioned reviews. We will consider here method
of the divergent integral regularization developed in [10-16] in more details. This method
is based on the Green’s theorem application in the sense of the theory of distributions.
For the first time this approach has been used in [10]. Then, it was further developed in
[15] and [16] for the regularization of the hypersingular integrals in static and dynamic
problems of fracture mechanics. More applications of this regularization method can be
found in review articles [5, 6]. The equations presented in [11, 12, 14] permit to
transform divergent integrals to the regular ones. They can be applied for a wide class of
divergent integral regularizations.

In the present paper, the above mentioned approach for the divergent integral
regularization is developed and applied for the case of 2-D elastostatic problems. The
weakly singular (WS) integrals are treated as improper, the singular integrals are treated
in the sense of the Cauchy principal value (PV), and the hypersingular integrals are
treated as the Hadamard’s finite part (FP) integrals, and the same method for their
regularization is used. Straight and curved boundary elements (BE) with different number
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of nodal points are considered. The regularized equations for the calculation of the WS,
PV and FP 1-D integrals have been presented here.

2. Problem Statement and the BIE

Let us consider a homogeneous, lineally elastic body, which in 2-D Euclidean space

R occupies an open bounded region ¥ with C°' Lipschitzian regular boundary o7 .
The boundary contains two parts oV, and oV, such that oV, noV,=< and

oV, waoV, =0V . On part oV, the displacement u,(x)and on part oV, the traction

p,(x) are prescribed, respectively. The body may by affected by the volume force b,(x).

We assume that the displacement and their gradients are small. In this case the
differential equations of the equilibrium in the displacement may be presented in the form

Agu; +b, =0, A, =p6,0,0, +(A+u)0,0,. VxelV (2.1)

If the body occupies a finite region? , it is necessary to establish the boundary
conditions. The mixed boundary conditions are
u;(x)=9¢,(x) , VxedV, ,
p.(x)=0,(x)n, ()= [u, ()] =y, (x). VxedV,

The differential operator P, :u; — p, is called the stress operator. It transforms the

2.2)

displacements into the tractions. For the homogeneous isotropic elastic medium it has the
form

P, =n0, + 8,0, +n,0,). (2.3)

[/

Here n, are the components of the outward unit normal vector, 0, = n,0, is the derivative
in the direction of the vector n(x) normal to the surface oV .

If the equation (2.1) is defined in an infinite region, then its solution must satisfy
additional conditions at infinity

u,(x)=0(In(™)) , O'ij(x):O(r_l) for r > .

The boundary value problem of the elastostatics (2.1)-(2.2), can be transformed to the
boundary integral equations. In order to do that the boundary integral representations for
the displacement and the traction have usually been used. On the smooth part of the
boundary these representations have the form

) =U. (% 0V = T, (%, V) < U (£, x,7),
i (2.4)
iEp,.(x):Ki(p,x,ﬁV)—E(u,x,aV)+K,.(f,x,V).

Here the plus and minus signs are used for the interior and exterior problems,

respectively. For convenience and compactness of the BIE consideration, we introduce
the following elastostatic potentials
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U, .y, %) = [ p, (U, (x=y)dS, W, (u,y,0V) = [u, (x bW, (x,y)dS,

K (py,0V) = [ p, (0K, (xY)dS, F,(wy,0V) = [u,(x K)F,(x,y)dS,  (25)

orv oV

Uy 7) = [ £,0U, (x=¥)dV, K,(,y.V) = [ [, (0K, (x,y)dV.

The kernels here are the fundamental solutions for the differential operator 4, . They have
the form

1 1
U.(x-y)=——| (8-40)5. In=+0.70 .7 | ,
S(-Y) SHﬂ(l_U)(( 0)3; 1" +0,r j

W, (x,y)= m(rzk (x)@kr((l— 20)5; + 26,.r6jr)+ @a- 21))(n,. (x)0,r—n; (x)@ir)),

ﬂ(ll_u)r(nk (Y)akr((l— 20)6; + 26,.r6jr)+ a- 21))(n,. (y)o,r—n, (y)air)),

Fy(xy)=—* (20, ()0, (A= 20)n,(y)0 7 + {8, m, ()0, +n, (y)0,r)-
ij 27[(1—0)7’2 J ij J

Kij (X,y) = 4

—4n, (y)akrﬁl.ra/r)+ 2v(ni (x)n, ()0,70 ;v +n, (x)n, (y)0,r0 /r)+ (2.6)
+ (1= 20)(2n, (), (),70,7+ i (), (V)3 + 1, (x), (¥)) - (L= 4o, (), ().

Here r:\/(xl—yl)2+(x2—y2)2 is the distance between pointsx and y in 2-D

Euclidean space %, o,r =§—r = —S—r =270 are derivatives with respect to x, and
X Vi r

Vi

Together with boundary conditions, the integral representations (2.5) are used for the
creation of the BIE that correspond to the boundary value problems of elastostatics.
Using (2.5) we can construct various BIEs for the same boundary value problem. For
example, if we use the first and the second boundary integral representations on the parts
oV, and oV, of the boundary, the BIEs have the form

su; (X)=U,(p,x,0V,) +W,(u,x,0V,) =@, (x) , VxedV,
7p (x)-K, (P x,0V,)+F,(u,x,0V,)) =", (x) , VxedV, (2.7
where
O, (x)=U,(f,x,V)+U,(y,x,0V,) =W (p,x,0V,),
¥, (x)=K,(f,x,V)+K,(y,x,0V,) - F,(p,x,0V,) .

These BIEs are not unique. Many other BIEs that correspond to the boundary value
problems of elastostatics have been considered in [1-3].
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The kernels (2.6) contain singularities of different kind; the kernel U, (x—vy) is
weakly singular, ;(x,y) and K, (x,y)are singular and F,(x,y)is hypersingular.

The integrals with singularities can not be considered in the usual (Riemann or Lebegue)
sense. In order for such integrals to have sense, it is necessary to carry out a special
consideration.

Definition 2.1. Integrals in (2.7) with kernels U, (x—y) are weakly singular and
must be considered as improper

W.S. j P, (XU, (x~y)ds =lim j P, (U, (x—y)dS . (2.8)

av\av,

Here OV is a part of the boundary, projection of which on the tangential plane is

contained in the circle C, (x) of radius & with center at x.

Definition 2.2. Integrals in (2.7) with kernels W, (x,y) and K, (x,y) are singular
and must be considered in the sense of the Cauchy principal values as

PV. j u, (X)W (x,y)dS = lim j u, (X)W, (x,y)dS ,

MV (r<e)

PV p, (0K, (xy)dS =lim [ p,(x)K, (x,y)ds . 29

ov NV (r<e)
Here oV (r < ¢) is a part of the boundary, projection of which on the tangential plane is
the circle C,(x) of radius & with center at x.

Definition 2.3. Integrals in (2.7) with kernels  F;, (x,y) are hypersingular and must
be considered in the sense of the Hadamard finite part as

O

v (r<e) (2.10)

F.P. ju,. (NF, (x - y)dS = lim ju,. (X)W, (x — y)dS + 2u,(x)

NV (r<e)

Here functions £/ (x) are chosen to assure the existence of the limit.

We will apply these definitions to the integrals in (2.7) and will investigate their
singularities and develop methods for the calculation of these divergent integrals.

The BIE is usually solved numerically, transforming them into a discrete system of
finite dimensional equations. This method of the BIE solution is called the boundary
element method (BEM).
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3. BEM Equations

To transform the BIE into the finite dimensional BEM equations we have to split the
boundary oV into a collection of finite boundary elements (BE)

N
ov=Uarv, ov,nov, =@, if nzk. 3.1)
n=1

On each BE we shall choose O nodes of interpolation and the shape functions ¢, (x) .

Then the displacement and traction on each BE oV, will be approximately represented in

the form
0

ul(x)z Zul” (xq }pnq (x), xeoV,,

e (3.2)

[
=Y pl(x, o, (x) xeov,,
-1

and on the whole boundary oV in the form

u, ( )'p"q(x) er&V

Y
. (3.3)
2

p! (xq }onq (x), xe }ZJI(?V".

Here and below if the node ¢ belongs to several BEs it is considered only once in these

sums.
Substitution of the expressions (3.3) in (2.4) gives us the finite-dimensional
representations for the displacements and traction vectors on the boundary in the form

N

%uf”(yy)=ZZ[Uﬂ vox, (e, )= x o () + UL (6 y.,),

N 0O
%pl_’”(yy):ZZ[ j”l( r,xq)p ( ) (y,,x )u”( )+K (f.y,V,), (34)
where
U;( r!xq): U, (y, ’X}pnq(x)ds " J-W y,,X)’ﬂ,,q X)dS
O (3.5)

Ky, x,)= K,-,-(y,.,x}ﬂnq( is, Fily I (v, xp,, (x)as.

The volume potentials U,.( ,y.V,) and K, (f,y,V,) depend on the discretization of the

domain V. More detailed information about discretization, interpolation and transition
from the BIE to the BEM equations can be found in [1-3].
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4. Boundary Elements and Approximation in the General Case

In order to calculate integrals in (3.5) let us introduce the local coordinate & on the
BEs. Then global coordinates can be expressed in the form

0 ¢
(&) =) x0,, (&), () =D yip, (&) . (4.1)

Here x/ and y/ are the global coordinates of the nodal points and ¢, (&) shape or

interpolation functions. Since we will use the same shape functions on each BE, index n
will be omitted in ¢, (). For the BE with O+1 nodes of interpolation an

approximation polynomial (shape function) of degree Q is used. They are given by

(6 =6o)(g =61) - (6§ —¢,1)(6 = &) - (6 = Sp)

= . 4.2
P8 e T ENE, e 6y —E NE ) 6y -2 D
The distance between pointsx and y in local coordinates is
1.0) = (000, - vi0, O +(d0, -0, OF . 43
0 0
where x,(&) =Y x!p, (&) = x'0, (&) »,() =D ¥ip, (&) =ylp, ().
Curved 1-D element dS in (3.5) in the local coordinates has the form
ds = J(@)d¢ , J(§) =(dx,(£)/dg) +(dx, (£)/de . (4.9)

Jacobian here may be also presented in the form

o Hi %(5)} (i d(p,,(é)u_ s

q=0

Analysis of the fundamental solutions in (2.6) shows that integrals in (3.5) contain
kernels with different singularities as x — y. In order to construct the BEM equations

we have to calculate the divergent integrals related to the following fundamental
solutions:

1. Weakly singular (WS) :

1 1 xl2
Un(x,y) = 8”#(1_0)((3—4U)Inr+r2J ,

1 1 xz2
Uy, (x,y) :87r,u(1—u){(3_40)|n7’+r2j'
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1 XX,

8zu(l-v) r? (46)

Up(xy) =Uyx(x,y)

2. Singular in the sense of the principle value (PV):

%(x.y):—jizf_”))[l() n (02 jh(ll_u)[nl(xfjfwz(x)xffzj,
e L A e YO SR
W21<x,y)=zﬁ(gfu)r[nl(xﬂ;2 xf‘”‘lj L2 (0% -nw )
Wi (x,¥) = - 4(1(12”))( ()+n2(x):§j—2”(;_u){n2(x)i2;+n1(x)xi4x1], 47)
phr (1(y+n2(y) ] - (11 )[l(y) Fone e,

Kaloy)=, b [xy) () 2]"1"2 4(1(13“)) [xy)’j—m(y)";},

Katwn= 0 20 ( 1(y)’f+n2(y)jj+2ﬂ(ll_u) (nz(y)’r‘iw(y) x;fz]-

3. Hypersingular in the sense of the finite part (FP):

Ky, (x,y) =

K, (x,y)=

Fa(x,y)

- ”(1{ 0) [nl (x)n, ()’):flj +(n, (Y)n, (%) + 1, (), (%)) );1:42

x; xx xx x2x?
—4n, (x)n (y) r% —4n, (xX)n,(y) % —4ny (x)ny (y) ;762 —4n, (x)ny (y) lra 21,

F,o(x,y)=Fyu(x,y)=

~ [(nl(y)nl(x) 1, ()1 (X)) 222y (y)my () + 1y (¥ (x))% -
z(l-0) 2r
3 2 22

—4n,(X)n, (y) 1 —4n, (x)n, (y)

22
12

—4ny (X)ny (y )

— Ay (), (y) L2 J

Fp(x,y) =7[(1ﬂ_)(nz(X)nz(y) + (1, (¥)n, (%) +n2(y)n1(X)) + (1, (¥)m (%) +n2(y)n2(X))

—dn, (X, (y) 2 12"5 - nl(x)nz(yf‘;?—4n2(x)n1(y>"j§2—4n2(x)n1(y>f§]. (4.8)
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For simplicity we set y=0 in the above equations. Definition of the weakly singular,

singular in the sense of the principle value and hypersingular in the sense of the finite part
integrals may be found in [5].
We need also to calculate components of the normal vector »,(x) and n,(x) in the

local coordinates. For that purpose we will use representations
abcl dx,

n=ne +ne,, 1= e e, +7§e2 . (4.9)
where
P . B Y (4.10)
VU@ de T U@ dg '
Using the relation
dx, (5) d &, de,(8) (5)
72 9, (&) = ; E (4.11)
the normal and tangential vectors can be written as
g L do,(9) g L do, (5)
"= 52 Z s @12
Q 0 4
(&) = (Pq (é‘) Z (pq (f:) (4.13)

5. Straight Boundary Elements

Let us consider a straight BE with Q +1nodes situated with equal distance along

the element (Fig.1). The global coordinates are given, in term of the local coordinate
5 € [_11 1] by

x1(§)=ixf¢7q(f) » %,(8) =0, n(5) =0, n,(5) =1. (5.1)
The distance bet\Neenq;;)ints x and y and the Jacobian in the local coordinates are
") =x (&)= L I = i . f) Eel-11, 52)
The singular members in (3.5) with (4.6)-(4.8) are reduced to the following form
Jola) - j inp,(©)dz . J, ()= j 2 4 k12, 3
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X
A
¢ n, (&)
| R n, (&)
_AV[ A"
@ @ @ @ @ o
0 1 q 0
> X
Fig.1

5.1. Piecewise constant approximation

The piecewise constant approximation is the simplest one. In this case there is only
one node of interpolation and

yfzo’r:Ang' (5'4)
Interpolation function has the form

1 vées,,

0 VveEeS,. 59

?o($) :{

Applying the corresponding formulas from [12] and considering divergent integrals as
(wS), (PV) and (FP) we have

1 1 1
Jo = :[InRAﬂdf = 2A{1+ IH(AJJ , (5.6a)
J, = jidgzo, (5.6b)
¢
to1 2
J, = ,IlAnéz dé = 3 (5.6¢)
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5.2. Piecewise linear approximation

There are two nodes of interpolation ¢ =0 and ¢ =1 with global node coordinates
x)=-A,, x; =A,, x2=0, x;=0. The interpolation functions, distance between
points x and y, and the element of the contour length have the form

Q §+1

9 (&) =  eu(8) = r=A,&-y", dl=A,dé §el[-1]]. (5.7)
The (WS) and (FP) divergent integrals with the kernels (5.3) can be calculated in the
same way as for the piecewise constant approximation. The (PV) divergent integrals need

a special consideration.
For the node ¢ =0 with y) =—A , y9=0and r=A (£+1) we have

J4(0) = jl N 1)12§A df—WSIIn?A dé - j‘fmléAndg—

_A, (§+ |n[2inj] (5.82)
Jl(o)z-t(fi—l:LZé §=.Zzz_§§d§:PVj:d§—§[;d§—>oo, (5.8b)
7,(0) = len (; b %dg :F.P.i Anlfz dé - P.V.iZAlndf - A2n , (5.80)
./(J(l)zj1 An(;+l)1;§ dE=A, ;“”(21”))' (5.80)
J1(1)=jl§111;§d§ Edrf 0, (5.8e)
JZ(l):_len(;ﬂ) 1+2§d§ .[ZA (15 pde (5.8

For the node ¢ =1 with y; =A,, y3 =0 and r=A, (£-1) we have

T L | all 1
JO(O)—:[In N A, dE =A (2+In(2A D (5.9a)
J(O)—jl(:l1 5 e - Il;df 0, (5.9b)
R S .
JZ(O)_ilen(g_l)2 , def—:[lZAn(é_l)dg‘a , (5.9¢)
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Jo(l):llétllnAél)Aﬂdsz.S.ilnA;EAnd5+iglnAlgA dé =
:A"(2+In[2inj], (5.90)

Jl(l):i;lf;l dé = j1§+2d§=P.V.Ed§+Ed§—>—oo (5.9€)

S0 le (e:l 1?2 §2+ K i A (5.91)

Here we have used the following definitions

[ li [ ! 1I ! li | 1
F.P.J‘x—zdxlem J‘—de—f =-1, W.S.j n;dx— im I n—dx|=1. (5.10)
0 0

X X
x

In order to consider the (PV) divergent integrals in the correct way make sure that the
Cauchy (PV) integrals are determined for the symmetric interval. Integrals in (5.8b),
(5.8f) and (5.9b), (5.9¢) are divergent. Situation can be improved if we consider the n — th
BE together with the two adjoining the (» —1) and (n +1) — th BEs as shown in Fig. 2.

/ .\\'

Fig. 2

It is easy to see that together with integral (5.8b) on the »—th BE, we can consider
integral (5.9b) on the (n—1) — th BE. We have to add these integrals in constructing the

global system of BE equations. Thus

0 2 2
Jit= Iédﬁf—)—oo, J! :I2d§—>oo, I = jélgaf:o. (5.11a)
_2 0 -2

In the same way we get

0 2 2
JI = j3d§—>—oo, Jr =J.£d§—>oo, JI I = jidgzo. (5.11b)
_2§ 05 —Zf
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2

0
Since J%df—]%df =0, we can formally prescribe the value O to the (PV) divergent
-2 0

integrals in (5.8b), (5.8f) and (5.9b), (5.9¢).

5.3. Piecewise quadratic approximation

There are three nodes of interpolation ¢ =0,¢g =1 andg =2 with global coordinates

x =-A,, x; =A,, x2 =0, x; =0. The interpolation functions, the distance between
points x and y, and the element of the contour length have the form

2D 0@ =0+, g, - S,

r=AE—y", dl=AdE. (5.12)

n?

@($) =

For the node ¢ =0 with y) =-A_, yJ =0 and »=A,(&+1) we have

ey 1 £l 1 1t 1
JO(O)_J1 5 InAn(§+1)And— A jgln Ad§+ 6[5 |nAn§And§_
A(H 1|n[1jj, (5.13a)
18 3 |24,
[EE-1 1 fE . (3 . 11
= |2 = ge=|2ae- 2 Zdé=-2 1
J,(0) jl 5 §+1d§ £2d§ £2d§+_([§d§ , (5.13b)
:15(5‘1) 1 it i 5.13
JZ(O)j A@ﬂ)zd‘fj !2 5 Hg N (5.13¢)
1 1- In =
Jo) = j( é)A(g D g
:Mn[w.n(l]) (5.130)
9 3 |24,
1 1 1
SO =] (1—52)(:—&; = I(l—f)dé =2, (5.13¢)
1 2
, 5.13
T, = j(lé)A(é ok M [a 4= (5.13f)
& +Y 1 1
J0(2)::[1 5 |nAn(§+1)An :—fj.éln—Ad§+ jg

11 1
:An(_m-f-?’ln(ZAnJJ. (5-139)
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) 1 h
J,(2) = J‘e‘(~§2+)§ 1 [g

2

_fee+y 1 1 gio b
JZ(Z)‘L 2 An(§+1)2d§_J. 2, ds - le £2 A,

For the node ¢ =1 with y; =0, y; =0 and r=A,¢ we have

Jo(0) = jﬂg Yin 1§A d§_— (1—3In[21 D

50 = Jélgé(e‘ D g _ I(: L1,

-1

n

1 1]
JA, S, A
1

2 _4 3 1
Ani(l_é )A, dE = gAn[4 BIr{ZAn B

L0 - jglg(l—f)d&P.V.Edf—ffd(s:o,

2

nO=[ 1S [ s

Jo(l):jln

J2(1)=jA1§2 (1—§Z)dr:=jA1§2 dé—fAl 2

-1 n -1 n -1 n n

L oaag=La|1-am 1|,
AE 9 2A,

J1(2)=jelg§(§+1)d§=j§”da:=1,

-1

1

Jo(2) =

1
2A§ A

n

n@=|

For the node ¢ =2 with y? = A

y5=0and r=A, (£-1) we have

n?

_é- 1 1 1
JO(O)_:[1 5 |nA”(§ 5 A,d jgln Ad§+ jg In éEAarg_

af7L 1)
18 3 (24,

0

1,0 = [0 Tae=[ a0,
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(5.13h)

(5.13i)

(5.14a)

(5.14b)

(5.14c)

(5.14d)

(5.14¢)

(5.14f)

(5.149)

(5.14h)

(5.14i)

(5.15a)

(5.15h)
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_tee-y 1 1 171 5.15
2O=], An(é—l)zd"z_z,fz ,1 +2J;An§ A, (5150
Jo) = J'(l &) (5 oA = § \ 2In ngAndgE:

Z2A (5 2|( ! D (5.13d)
9 3 (24,
1
AOR j(l f)ﬁdé Ja-5az=2, (5.13)
-1
0= j(l eyt e[ Zae[Lag-- 2, (5.13)
A, (€-1)? 50,8 A, A,
by, 1 3t 1 Tt Lo p e
JO(Z)—:[ In e nglnAngAndéJrZ:[g |nAn§And§_
17 1. (1
- ZIn 1
=4 [18+3 (ZAH B (>.150)
tEE+D 1 t £3 t1
J1(2)=j7§d§=bd§+ J;Ed§+jgd§—>2, (5.15h)

_REErD) 1 1 h SR O 5.15i

JQ(Z)_L 2 An(é—l)zdé_,J;ZA * +£2 £ Lmzdﬁ A, (5159

The singular integrals at the end nodes have to be calculated in the same way as for the
piecewise linear approximation.

6. Curved Boundary Elements

Now we try to calculate divergent integrals from (3.5) for the general curved BEs.
Unfortunately, in the case of the curved BEs the regularization formulas from [11, 12]
can not be applied directly. Therefore we transform these integrals in the following way

[U, )0, (x)dS = [{U, (x,y")p, (x) U, [7(x), y* T3S + juy[n(x) y’1ds, .

jW,-, (x¥)e, (xS = [, (x,y)p, (x)- W, [2(x), y*1}dS + jW.[ﬂ(x),yqu,r :

Wy

jKU(xy o, (x)ds = I{Kg(xy )0, (x) = K, [x(x),y"1}dS + IKL,[zr(x)y 1ds, . (6.1)

Vy

[ 7, (x.y)0, (x)ds = f {F,; (x,y)o, (x) = F; [x(x), y13dS + j Fyl2(x),y“1dS,,
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where 7 :0V, — I1, is the operator of an orthogonal projection from the curved element
oV, to the linear element I1,, dS, is the differential element of length for a linear

element I1,. The main idea of these transformations is that the divergent integral over

curved element is presented as a sum of the regular integral over the curved element and
the divergent integral over the flat element. As shown before, the kernels in (4.6)-(4.8)
have the simple form (5.3) for the straight BE and can be calculated analytically. We will
illustrate here this approach with some divergent integrals.

6.1. Piecewise quadratic approximation

In the case of the piecewise quadratic approximation there are three nodes of
interpolation ¢ =0,¢9 =1 andg = 2. Interpolation functions and their derivatives have

the form

-1 +1
7@ =2 0@ =D+, ==,
doy(8) _ _1 dwl(f):_zf, d¢2(5)25+1_ 62)
dé 2 dé dé 2
The global coordinates as functions of the local coordinate are
2 2
X&)=Y x10,(&) . ()= vip, (). (6.3)
q=0 q=0
For convenience, we present them in the form
0 o 1 2 2 _ .0
xi:a[§z+bi§+x},ai:m,bl:w, (6.4)
2 2
where x°, x and x? are global coordinates of nodal points of the BE.
The curved element is
ds=J(&)dé (6.5)

where Jacobian has the form

J(§)=J(Zzlxl" d(”"(g)J +[ng d(”"(f)j = J2aye + b, +(2a,6+b,) . (66)

q=0 d§ q=0 d§

The components of the normal vector in the local coordinates are
_ 1 dx, (2a2§+b2)
J@€) dg \/(alég +b )2 + (azé +b, )2
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I L (2a,& +b,) 67)
2= d 2 2 '
J(ﬁ) 4 \/(al‘f +b1) + (a2§+b2)
Distance between the nodal point y?and current point x is
ey = ae b vty f e b eat-yifas.  68)

Now we will illustrate the developed method of the regularization for the divergent
integrals in the case of the curved BE. On each BE there are three nodal points and three
interpolation polynomials. It means that nine integral have to be calculated. Obviously
these integrals are divergent only in the case when the nodal point and the interpolation
polynomial have the same indexq. Bellow, we consider each integral in detail and

present corresponding regularization formulas.

The weakly singular integrals related to the fundamental solutions from (4.8) have the
from

Jo(g) = j In— =550, (69)

y)

The regularized equations have the following form.
For node ¢ = 0, where y? = x;

0,1 0,1 1
J,(0) = I(In ey )(po(ef)J(f) S Inf jd§+WSjs In§+1d§, (6.10a)

Jo) = j In 5 ey PO, (6.10)

Jo(2) = j In g g PN e (6.10b)
It is easy to show that only the second integral in (6.10a) is divergent. In order to proof
that, we will consider limits of the expressions inside the correspondent integrals at the
nodal point. The equations below show that these expressions have finite values

1 1 1
Ly = lim|1 0(€)J(€) - S In——— | =—=.5°1 !
_ 1 i !
L= gmggl(g)J(é)an =0, L,= gm% (£)J(&) IHW =0.

Here and below the following notation have been used

S = e = x4+ (= xf)? 1P =3k —dxt 4 x]

65



V.V. Zozulya/ Electronic Journal of Boundary Elements, Vol. 7, No. 2, pp. 50-88 (2009)

The WS integral in (6.10a) can be easy calculated using equation (5.6a) and definition
(5.10).

Fornodeg =1, where y; = x;

J,(0)= |1 5 (£)d 6.11

(0= jn g,y)qy (&)d¢, (6.11a)
1

J o (E)J S§%%In= |dé+w.S.| S In~d 6.11b

o) = j( ey 9O~ ”gJ £+ j ngf (6.11b)
J,(2) = j In—= @, J(E)dE. (6.11¢)

s‘,y )
Here also only the second mtegral in (6.11b) is divergent. The following equations show
that

e

: 1
L =lim|| o (E)J(E) - S
I(n(éy)(p(f) (£)=5"In

g] %Sf’v?(m(z)—m(sf’vz)),

. 1 i 1
Lo =limen @I "5 =0, L =lie, (@)~ =0.

The WS integral in (6.11b) can be easy calculated using equation (5.6a).
For node g = 2, where y} = x}

Jo(0) = j In 5 Gy P9I ae, (6.123)

Jo@) = j In (5 )qol(g)J(é)d«: (6.12b)

Jo(z):j[ r(éy)%(g)J(f) S”Iné Jd§+WSJS12In§ [4é. (6120)

-1

Here we have the same situation as in the case of ¢ =0, only second integral in (6.12c)
is divergent. The following equations show that

- 1 2, 1) 1 1
Lzzllm(lnr(éyz)(pz(.f)J(.f)—S In§+1]_ S In{ ]

-1 2 4 (10,2)2+(l§),2)2
. 1

Ly =limp, (£)J (&)1 =0, L, =limgp,(&)J ()] =0.
lime, (£)J/(S) N D) lime, (£)J(&)In———3 (§,y )

The WS integral in (6.11b) can be easy calculated using equation (5.6a) and definition
(5.10).
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Next, we consider the singular integral of the form
1
1
Jl = J-iq
5r(&yY)
The regularized equations have the following form.
Fornode ¢ =0,where y) =x) we have to calculate

?,(8)J()dS . (6.13)

7.(0) = j 0o (E)J(E)(E +1) — Lyr(£,y°)?
' HEYO)E+D

e le(a:m;ﬁ) " (6.14b)

Iwz (§)J()§) i (6,140

The following equations show that only second integral in (6.14a) is divergent.

L, = lim P, (&) ()S+D) _ 001
E-1 V(é’yo) (10,2)2 +(l°‘2)2
m Ale)e) o -y iy 22D (E)

e 1 r(&y e T 1 &,y )

The PV integral in (6.14a) can be easy calculated using equation (5.6b) and definition
(5.11a).

Fornode ¢ =1, where y; = x]

dé+ PV, jl (gLfl) dé,  (6.14a)

J1(2) =

Ll_

J1(0) = I o E?J(f Lae, (6.153)

_ [ 2O (©E-r(EyY) 1
J,(0) _Jl e de:+P.V.j de (6.15h)
52~ 1% 2010 4. 6.150

Limit calculation shows that only second integral in (6.15b) is divergent

1, = lim %) ?,($)J () 0, L, =lim col(é)J(ls‘)é _1, 1, —lim /) 2.6/ o
£0 r(&yY) ot or(éy) 0 r(&yY)

The PV integral in (6.15b) can be easy calculated using equation (5.6b).
Fornode ¢ =2, where y} = x?
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J,(0) = j () (f) dé, (6.16a)
J,(1) = j 4”1(5)" (f)dg (6.16h)
7.2 =1¢2(5)J(5)(§—1)—L2r(§,y Y serpri e g (616
@[ vy gy 610

Here we have the same situation as in the case of ¢ = 0. The following equations show
that only second integral in (6.16c) is divergent

L, = lim %2 (/) -1 _ 25
U
Ll 2EI@ g @I
S IR YD)
The PV integral in (6.16c) can be easy calculated using equation (5.6b) and definition

(5.11a).
Finally let us consider hypersingular integral

|
Jz‘_[(g “)

The regularized equations have the following form.
For nodeg =0, where y) = x, we have to calculate

> 0,(£)J(8)dS . (6.17)

1,0 = [POIOE D Lorey') ] Lo)z i, (618)

r&y°)2 (£ +D)? S(6+1
L= [2I© 6.18h
@ = HEyD)? dé (6.18b)
()= J;oz (f)-/()f) i (6.180)
The following limit calculation shows that only second integral in (6.18a) is divergent
L lim 2@ +D? 45°!
VIR ey @ ey
m QIO o 2O
fﬁlr(fy) 1 r(gy")’

The FP integral in (6.18a) can be easy calculated using equation (5.6¢c) and definition
(5.10).
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For nodeg =1, where y; = x;

J,(0) = j ¢2(2)J ;5) de (6.19a)

_ qol(é)J(é)g’ —Llr(é,ylf il
J2(1)_j ey d§+F.P.£§2 dé,  (6.190)
J,(2) = j ¢2(2)J gg“) dE . (6.19¢)

The following equations show that only second integral in (6.18b) is divergent

im @OV g i@ @VOE 2 eI
20 r(gyh)? g rEy) (%) g (& y")?
The FP integral in (6.19b) can be easy calculated using equation (5.6¢) and definition
(5.10).
Fornode ¢ =2, where y;} = x?

J2 0) = lMd , 6.20
©=[ 22075 e (6.202)
R TACYGY 6.20
D= ey © o

) @) [ 2~ 1) “LrGY)  ppl L ur (620
@-], ey e ,Jl(a: pr e 620

Here we have the same situation as in the case of ¢ =0. Limit calculation shows that
only second integral in (6.20c) is divergent

L i 2 EIOE-D_ as

El r(é,yZ)Z (12,0)2+(12,0)2 '
@@ e @)
I ey 0 BT ey

The FP integral in (6.19b) can be easy calculated using equation (5.6¢) and definition
(5.10).

Many divergent integrals of various types appear in the equations (4.6)-(4.8). Since
methodology of their regularization is the same as it was presented above, only their
regularized equations are presented in Appendixes A-C.
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Conclusions

Method of the divergent integral regularization, which is based on the theory of
distribution is developed here and is applied to the BIE solution of the 2-D elastostatic
problems. The weakly singular, singular and hypersingular integrals in 1-D are
considered and their regular formulas have been obtained using the unified technique.
Straight and curved BEs with different number of nodal points have been considered. In
the case of the straight BE, all integrals can be calculated analytically and in the case of
curvilinear BE, numerical integration of regular parts of the corresponding divergent
integrals has to be used.
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Appendix A

Regularization of the singular integrals related to the kernels K, (x,y)

1
X
Integral of the type J;° = IM

J(&)d
gy ()

Node ¢=0 and y. = x;
x(£)eo (§)J(E)NE+D) 2%

LJEO — I = — Il
§I~>nj1 r(é:’yq)Z (lf,Z)Z +(l§,2)2
o 000y (OE+D ~ Lr(Ey") of 1
i _Jl et J(E)dE + L £§+1d§.

Node ¢ =1and y; =x;

20 lim 20T _ (o ~ )
TS ey s°

1

10 = [ROAEE L END) oy oL e
e ey (g 1] d

Node ¢ =2and y? = x’

10 _ i 0O0@IEE-Y _ 2’sH
2 £l r(ge,yq)Z (110,2)2 +(l§'2)2 !

1

JH = J’x1(§)¢z(§)(§_1)_le'o”(fqu)z J(f)d§+le’ojid§.

. r&y)* (- 61
Integral of the type JJ" = JMJ(&)%
5 r(éy?)
Node ¢=0and y, = x,
P i 2O OI@ED 2
o1 ,,(éa'yq)Z (110,2)2 +(l§'2)2 !
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e :sz(ﬁ)%(.f)(«:ﬂ)—L%lr(f.yq)z [t

J(E)dE+ LY | ———dé&.
HEY)(E+) O el

Node ¢ =1and y; = x;

S OAOIOE _(F-x)

LY =lim

S0 HEY) 5°?
JorZ [ROA@E-LEYD |l
ey e

Node g=2and y{ =x]
(e, () ENE-D 28

01 _ ;i
Ly” =lim

1 r(€y")’ (%) +(12%)
Jor— [ R @R@E DL CEY) e of L
R S
Integral of the type J2° = IWJ(f)dg

Node ¢ =0and y = x}
0,6’ 0o (E)J(E)E+D) _ 2(1%)*s™

30 _;
L,y = lim

Ly (@2 4@
go0 = [ R @E D=L EY)* e ot 1
e @+ e

Node ¢ =1and y; =x;

30 _ ;i
L,” =1lim

AGRAGUGS {(xf —xf)f
£-0 r(gg,yq)4 So,z !

1 1 3 _ 730 q\4
Jf’o =[f’0 +Li’0j£d§, [f,o :le(ff) P (8)S L:, r(&,y")
6 ) r&y’)'s
Node ¢ =2and y? = x’

i (@0, OIOE-D | 202 s

J()ds .

Li’O = 4 2!
e r(&y") (222 +@2%)?)
Jo0 = RO 0O -LEEYD e o Ly
ey O 130 -y
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1 X 3
Integral of the type Jf’s = IM

J(&)d
5 r(&EyD* (£)de

Node g=0and y; = x/
i 2@ @OIEE ) 20%)'S™

0,3
L4

e r(&y’)* (@22 + @22 f
joo = [ RO Q@OEFD—LEHEY)" oo s L
T e MR i

Node ¢ =1and y; = x;
198 < 1im 22 & 2O OE _ [(xé Efg)J |
) s®
I EAGRNG ot CH D MR E
J ey E ©de+i2] pde
Node ¢ =2and y? = x’

(8’0 (O)JE)E-D _ 2(;°)° s

3% =1lim ; = >
§-1 r(£,y") ((122)? + (122)?)
785 — sz (£ 0 ()¢ -1 - Li'r (&)’ 1

J(EdE+ LY | ——dé.
) HEYD (E-D) ©der i | Zyae

Integral of the type J>" = J‘xl(g) *2($)e, ()

L rEyn)!

J(S)dS

Node ¢ =0and y = x}
121 — lim 08 x, (D)@ (I (E+D _ - 2(1*)* 1™
Y

= &y’ (@2 + @)

j x1(€) % (P EYE+D = L€y Joo e

1
1
JP =1+ I ———dé, 11 =
,Il§+1 5 r&y)* ¢+

Node ¢ =1and y; =x;

12t _ i 1@ (0§ (€)E _ (e —x)* (x —x7)
e r&y*)* (8°%)°
21 _ jxl(azxz ())& +1) - Lir (. y")* (1

J(E)dE+ L3 | = dé .
HEY) ED) O 1] a2

Node ¢ =2and y? = x’
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0, (6) %, ()@ (E)J(E)E-D _ 2(7°)*1;°8*

L3 =1lim = ’
£t r&y')! (RGO

P EAGEACTAG G R CH D MW Y N
J HEY) (D) SEE

Integral of the type J;° = J‘xl(f)xz ©) 0, ()

gy’

J(§)de

Node g =0and y; = x;
065 (6) 0 () (O)E+D) _ 2(13°)% 1 *s™

L = lim - o
a r&y") (@222 +@2?y?)
Jo _ [RORE BEE D LIHEY) [y el 1
J rEY) D MY e

Node ¢ =1and y; = x;
0, (6)x%,(€)* 2 (E)I(€)E _ (xf —x7)(x; —x3)”

12 _ 1
L, =lim

£-0 r(f,yq)A (So,z)s
Ji,z _ lxl(f)xz(ég)z(ﬂl(f)é:_Liz”(f:yq)‘lJ d Lﬁzlid }
J rEy)'E g+ L7 [ e

Node ¢ =2and y? = x’
0, (E)%, (€)@, (O)J(E)E-D _ 2(15°)*17°S*

12 _
L;” =lim

£l (&) (@022 + @222
P GG RAGICR R YO M IS
] HEy) (E-1) @az+ 1] 7 e

where S = [(xf —x')? + (xf —xL)? | 177 =3x¢ —4xt +xL.

Appendix B

Regularization of the singular integrals related to the kernels 7, (x,y)

Integral of the type J,°(n,) = IWJ@M@Z

Node g=0and y. =x/
710 _ jim @26 m @I @E-D) | 2% (x; - x))
T &y S, +3xIm? +3xImd?

74



V.V. Zozulya/ Electronic Journal of Boundary Elements, Vol. 7, No. 2, pp. 50-88 (2009)

w0y (5 (E)p (O (E)E+D) - Lr(£,y?)? wf 1
J3 (m)—jl ey (1] J(E)dé + L £§+1d§.

Node ¢ =1and y; = x;

0 (E)po (O)m(E)J(E)E _ (xf —x7)(x7 —x3)

10 _;
L =lim

£50 (&, y?)? (5°2)?
10 12 (O (O (O)E = L r(&,y7)° ol
2 )= 5 d 5 | =dE.
T2 (m) I HEy)2E e ,Ilf :

Node ¢=2and y? =x’
120 _im 2822 ()m () (E)( -D) _ 212° (xF — x3)
A &Yy S, +3:mP? + 3y

() = jxl(é)wz (On () -D - L'r(y*)?
T P&y (-0

J)dg+ I | él_ldg.

Integral of the type J3°(n,) = IM

J(&)d
4 &y (£)ds

Node ¢ =0and y = x}
()@ (E)n,(E)J(E)E+DY) 217 (x) - x))

L = lim
£

-1 r(&,y?)? - S, +3xml? + 3xIm)? ’
10 [ 5O (E)ny (E)(E+D) - Lr(&y")° wof 1
Jy (ny) = 2 S+ Ly | ———ds.
)= HEY)(E+D) O] e
Node ¢ =1and y; = x,
PO GIAGIAGNGE
£0 r(Ey*) (8°)
100y = [ OO L EY) | o ot
)= rEy)E (O] e
Node ¢ =2and y? = x’
X0 — lim x1(8)p, (E)n,(£)J(£)(E -1) __ 2112’0 (xlz —xi)
2 r(&,y")? S, +3x2mP? +3xImd?
g0 (510 OCE D =LrEY) [ oo pof Ty
Jl &y (€= () ;[é—l d
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Integral of the type Jg’l (m)) = I—xz (5)% (5)7211 ©) J(&)dé&
5 &y’
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1

%, ()P (E)ny (E)(E -1) - L' r(&,y)? !

J3(n,) = > J(E)dE+ LY | ———dE.
=] eV (D) O e 1] e
Integral of the type J.°(n,) = _[xl(ég)(?’(f)):ll(é)J(f)dg

-1 r ly

Node ¢ =0and y = x}
x1(8)° 0 (E)m (£)T ()& +D) _ 2(%)* (x5 —x3)

Lj":nm 4 B 002 0 02"
el r(&y") S, +3x,m)"* +3x;,my
T = | ey ] e

Node ¢ =1and y; = x,
10 i 5O RO EIOF _ (xF - x]) (5] )

£50 r&y?)" (5°%)?
50 P ()@ (E)n (E)E - L3r(&,y)* a0 f 1
ny) = dé+L° | =dé.
T3 (n,) j SR J(E)dE+1L j1§ £

Node ¢ =2and y? = x’
739 — lim (€0, (Om(E)IEE-Y) _ 2(°) (x] —x3)

- ]
= r(f,y")4 S, +3)c10m10'2 +3x2m2’2

1

59 () = Jxl(f)%oz () (E)E-1) - L3°r(&,y)*
) rEy) (E-D)

J(@)de+ 13 (51_1015 .

Integral of the type J.°(n,) = j %2(e)°0, ()

LorEy")!

J($)ds

Node ¢=0and y, = x,
() 0 (), (E)J(E)E+D _ 2(5°)°(xf —x1)

L3'3:|im 7 = 002 002"’
&1 r(&,y?) S, +3xy my "+ 3x,my
0 [ %2(E) 0o (), (O)(E+D) - L3°r( ¥ ") oaf 1
I (n,) = ; J(E)dE+ 13 [ de
)= HEY) (E+) Ol el

Node ¢ =1and y; = x;
o i 2 0@ @I @E (e - Jod - 2]

£50 &y (5°%)?2
03 12,0820, (&), (E)E - Lr(E,y")* 0afl
*(n,) = dé+ 13| ~déE.
I (n,) j RENOLE J(E)dE+ L _jlf £

7
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Node g =2and y} =x;
()0 (E)my (E)J(E)E-D) _ 2017 (xf —x7)

L(z)t’s:”m 7 002 002"’
¢t r(&,y?) Sy +3x;my " +3x,my
03 m) = [ 2O 0 Om@E D~ LErEY) [ e osf L
)= ] rEY) €D Qg 1] e
Integral of the type J2"(n,) = Jxl (©)"x2(S)p, ()m () J(&)dé

e} g,y
Node g =0and y;) = x;
%, (6)* %, (D)o () (I ()& +D) _ 2(17%)° 5% (x5 —x3)

L= élLrTJI r(&y")* B S -|-3x1°m10'2 +3x2m3‘2 ’
21 _ (50675, (oo (O (E)(E+D) - L3 (£, y")* aaf 1
=] () (E+D) i i

Node ¢ =1and y; =x;
5925, Op En©)JI(©¢ _ (8 —x2f (6 2

Li’l = lim 4 0,22

s rEy") (5°%)
o) = [ 2O OO - LEEYD)" [ el e
M| ) E (O] e

Node ¢ =2and y’ = x’
(€)%, (£)@, (O)m (£)J(E)SE -1) | 2(7°)* 15" (x5 —x3)

Li‘l:lim 4 - 00,2 002"
&l r(&,y?) S, +3x;m +3x,my

£ 3,(6)2 5, ()@, (O)my (E)(E -1 - L' (&, y")*

) :,jl FEY) (E-D)

J(E)dE + 2 j 51_1615 .

tntegea of the ype J24(s,) - | 2O 20,10

3 r(&y’)*

J(§)de

Node ¢ =0and y; = x;
0, (6) %, ()@ (E)mp ()T ()E+D) _ 2(17%)° 5% (xf —x)

L :‘II_’ml r(&y9)* _Sl+3xl°m10’2 +3xomy? ’
Jilz1x1(§)2x2(§)(po(§)n2(§)(§+1)—Li’lr(é’,yq)AJ d Li’llid .
,Il &Y (E+D) () ;[§+1 d

Node ¢ =1and y; =x;
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ORAGNGAGY O S A R

21 _ ;i
Ly =lim

£-0 r(éf,yq)4 (So,z)z
21, (505, (O (E)ny (E)E - (&, y*)* 2l
J (nz)—L Eayis J(E)dé+ L} jlfda:.

Node g=2and y{ =x]
0,(8)° 2, ()@, (), (I (E)E-D) _ 207°)*1;° () —x7)

r((f,yq)4 S +3x10m10’2 +3)cgmg'2 ’

x0,(8)* %, ()@, (), ()€ -1) - L' r(E,y*)"
r(&y") (€-1)

21 H
Ly =lim
&l

T - | J(@)d +Li*1f§1_ld§ .

Integral of the type J,°(n,) = le (©)x2(6)"¢, ()m()

’ r&y*)*

J($)ds

Node ¢=0and y, = x,
x (£)x, (§)Z¢o (&) (£)J () (& +1) _ 2(110'2)212'2 (x22 _xé)

L = lim 4 002 0 02’
el r(&y?) S, +3x)m)"* +3x;,my
Ji,z (n,) = [}2 _ J‘lxl(f)xz &) Wo’fé),’:gfz(éi?)_ Ly r(&,y") J(f)d§+L%{2'[§1+1d§.

Node ¢ =1and y; = x;
5% e EOm@I©)E _ (60 —x?fud —x2f

12 _
L, =lim

-0 r&y")* (5°%)°
12 i xl(f)xz(f)z(pl(f)nl(f)(f—Lﬁzr(f,yq)“ 12 il
: = d S| —=dE.
st = | ) e S L [ ds

Node ¢ =2and y? =x’
A2 — lim %, (6)x,(£)* 0, ()m (£)J(£)(E =) _ 207°)*15° (xf — x7)
fea r(&,y?)* S, +3x2mP? +3xImd?

S ) = jxl(r:)xz ()20, (E)m (E)(E -1 - Lr(&,y")"
) P&y (E-D)

HEdE+ 1 | él_ldf .

Integral of the type J;*(n,) = _[ S AQRACIEIC)

J(E)d
4 r&y")* ()4

Node ¢=0and y, = x,

79
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0,(6)x,(8)° 00 (), (E)J(E)E+D) _ 207 (15%)* () —x1)

flel r(f,yq)4 S, +3x1°m1°2+3x3m22 ,
it = OB O OED L) e g Ly
,Il ) (E+D e I 2

Node g =1and y; = x;
PR GG RAGIAGYGI (0 —x2 P a2 - xg)’

£50 r((f,yq)A - (So,z)z
Sy = [HOR@ OO - LI EY) [ L.
)= | v e (O 15[ e

Node ¢=2and y/ =x/
xl(g)xz(é:)z("z(g)nz(BE)J(SK)(SK_]-) _ 212°(13°) (x5 = x3)

L lim ,
&l r(&y*)! S, +3x)m? +3x2mg2

Jl’z(n )= J'x1(§)x2(§)2§02(§)n2(§)(§_1)_Lﬁzr(égvy )
t &y (E-D)

J(E)dE + [ j adg .

2 2
Here S, =(4x11—x12) +(4x; —xg) , m®” =3x* —8x! +2x”.

Appendix C

Regularization of the hypersingular integrals related to the kernels F (x,y)

Integral of the type J, (n,) = I(pq () ;gég) J(E)déE
Node ¢ =0and y = x}
- lim ¢0(§)n1(§)J(§)(§—1)2 _ 4(x3 — x3)
Eo-1 r(§,y")2 S, +x12nl°2+x§n22 '
7, (n) = [0 (O (ENE+D° = Lr(£,y")° J(AVIE+ L
= L ey ey e J(f a7
Node ¢ =1and yl1 :)cl1
I lim@@Om©)I(OE | 20 —x)
T r(Ey) (5°%)
(2O (E - Lr(&y")’ (1
= J d L2 7261,
=[P e ©dé+Le] s

Node ¢ =2and y? = x’
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P, (&) (8)J ()& _1) 4(x2 - xz)

L, =lim

&l r(&,y?)? S +x2nl? +x2n22 ’
I () = [LLOMENE LD ~ L€y Joe
e I(f 7
Integral of the type J,(n,) = J.MJ@)@‘
5 r€y?)
Node ¢=0and y;, = x,
L, = lim 9o (E)n, (£)J(E)(£-D)° A(x) —x1)
é>-1 r(&,y9)? S +xlznl“+x22ng2 ’
J,(n,) = ¢0(§)n1(§)(§+1)2—L2r(§,y )§ dE+ L
R R L I(f 7
Node ¢ =1and y; =x;
L, - lim 2@ 203 —x3)
£0 0 r(gy?)? (5%%)°
Sy = [2OMEOE Ly e H
()= | e (&)ds + jg, £
Node ¢ =2and y? = x’
— lim 2 (é’)nl(é’)J(é’)(gg—l) —4(x2 x2)
é>-1 r(&,y?)? S +x1°nl°2+x2n22 ’
J,(n,) = ¢2(§)n1(§)(§+1)2—L2r(§,y ) dE+ L
R T I(f 7
Integral of the type J2°(n,) = I #,($)0(9) :ll ©) J(E)dE
5 gy

Node ¢=0and y, = x,
Po ()X (E)*m(E)J(E)E-D)* _  4x; —x)(1*)°

LZO — I — ’
ﬁml r&y?)* (S +x/nl? +x§n?2)2
Jf’o )= ¢O(§)x1(§)2n1(§)(§+1)2—Li’or(é‘,y )* J(E)Yd Lzo
(n)=] HEY) (€ +D)? (©)de I e

Node ¢ =1and y; =x;

L’ = ||m¢1(§)x1(§)2n1(§)J(§)§2 2y —x))*(xp — x3)
0 V(flyq)“ (SO,2)2 )

81
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Jf,o(nl) =J'¢1(§)x1(§)2n1(§)§2 _Livor(flyq)A J(f)df'f'lzi'ojizdf _

r(&y”)'e’ T3

Node ¢ =2and y? = x’
9, ()X (8)’ m(E)J () -1 | 4lx; —x)(K*)°

12° = lim
M-

-1 ’”(fayq)4 (Sz +x12nl°'2 +x22ng’2)2 ,
29y = [ LR mENE T L0y Joo e pzof L e
(=] HE) (€ +D)? N I
Integral of the type J.*(n,) = I% (). (S) :12 ©) J(&)d¢
Loy
Node g =0and y = x}
122 — i 2 OB mEIOE-DT A -
s r(&y")’ (5, +x2n0? + x2n32f
202y = [ PORE mEE+D? L EYD) e poat L
(=] HEy) (€ +D)? Oder 1| s
Node ¢ =1and y; =x;
102 _ jim 2.9x2 () 1, () ()E” _ 2(x] - xf)(x; — x7)°
R r&y)* (5°%)?
J02n) = [ PO @ OF ~LErEY) [ e joaf L
(n) I r(Ey") e (©)ds + j e
Node ¢ =2and y? = x’
100 _ i 2205’ n,(OJOE-D" __ Alf - )@
foen r&y")* (S2 +x7n? +x§n2’2)z l
192 () = [ 22X m@OE+D ~ L) oo poaf 1,
(=] ey €+ 1) Oder L] s
Integral of the type J,"(n,) = J 9,(6)x(E)x, (4§)n1 ©) J(&)dE
Lo ey
Node g =0and y; = x;
A lim (00(f)xl(f)xz(f)nl(f)./(f)(f—1)2 __ 4(x§ _x%)llo,zlg,z
e r(&yh)* (Sz+x12nf’2+x22ng'2)21
Jii(n) = [ PEREROmENE ) LI EY) e e
(=] ey (E+1)? @ L] e s

82
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Node ¢ =1and y; =x;
2 ()3, (E)x, () ()T (§)E” _  2(x) —x7)(x; —x3)° ,

=lim - .
§-0 r(f]y‘I) (S , )
J}l(”l) =J¢1(§)X1(§)x2(§)n1(§)§ -L;r(&y?) J(f)df'i‘li{lj‘izdf.

r&y")e? o€
Node ¢ =2and y? = x’
0, (§)x,(£)x, (E)n (I (E)NE-D® _  4x; —x;)l "l

L = lim 4 R
et r(&,y") (S +x1n1 +x22ng2)
Ji,l )= (Pz(é:)xl(ég)xz(f)nl(‘f)(é:"‘l)z_L%{lr(éz’yq) J(EV Lﬁll 1 dE.
(n)=] rEy) E+D) R
Integral of the type J,"(n,) :f¢q ORICRS (f)nz(f) J(&)dé
% r(&,y")
Node ¢ =0and y; = x;
L i PO On O @IOE D 4 -t
el ”(f:yq)4 (S2+x1n1 +x§ngz)27
Ji,l )= §Do(ég)x1(§)xz(f)nz(f)(%g‘”-)z_Lﬁl’"(fnyq)[lJ d La'll 1 dE .
)= rEy) €+ @i B e e

Node ¢ =1and y; = x;
21 ()31 (E)x, (E)ny (§)J(€)E” _ 2(x) —xf)* (x5 —x7)
&y’ (8°%)* ’
() = [AOROR O LY e m L
-] ey & Qg+ 1 s

L} = I|m

Node ¢ =2and y? =x’
9, (E)x,(£)x, (£)n, () (£)(€ -1)* _ A(xf = x5

L = lim . = o
et r(&.y7) (S +x12nl°2+x22n32)
Sy = [LORER @O+ D LGy e,
va)= (6 y") € +1) s I(«: 7

83
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Integral of the type J,°(n,) = I L] (i)(x; (53);11 (<) J(§)ds

Node g =0and y; = x;
P () () m () (E-D® _ Alg —x)()*

L° = lim
¢

-1 r(&y)° (S2 +x7nl? +x§n3‘2)3 ,
Jg,o ) :lwo(f)xl(ég)‘lnl(%g)(§+l)2_Livo’"(fxyq)sJ d Lzé,ol 1 dE
=] HEY) E+D) @ 127 e

Node ¢ =1and y; = x;
P(E)x (6’ m(9)J()E* _ 2(x) —x{)* (x — x7)

L3 =lim . e
D) (s°%)
S50y = (PO MO ~LEY) [ a0 L
)=} ey e @+ ii?] ae

Node ¢=2and y? =x’
149 _jim 20 m@IEE-D* 40 -a)E)
T r€y) (5, +x2n0? + x2n0?f

Jé,o(nl):I¢2(§)x1(§)4n1(§)(§+1)2_Lé’or(é:’yq)e 1 dé .

J(&)déE + Lg°
HEy)P(E +1)? e+ £(5+1)2

D, (&)x, (5)4"’2 )
r(&y’)°

1
Integral of the type J2* (n,) = I J(&)dé
]

Node ¢=0and y, = x,
Po(£)x,(6)°n, (I -1 4y —x)(*)

Lg"‘ =i 6 = 3
U r(&y7) (S2 +x2nl? +x§n2’2)
04\ [ Po(E)x,(E) my(E)E+1)7 — LY r(&,y7)° oaf 1
s=[ HE )P (E 1) O el

Node ¢ =1and y; =x;
(pl(g)xl(é)znl(.f)J(é)gz _ Z(Xf _Xf)(x(z) _x§)4

L2* =lim : 52

£0 & y) (5°%)
84, _ (2 @%@ @ - L r(Ey)° Lg,ﬁ Es
0:)=[ HEy) e i3] s

Node ¢ =2and y? = x’
Lg,4 — lim 0,(&)x, (§)4n2 (5)11(5)(5_1)2 _ 4(x12 _xi)(lgz)‘l

6 3
¢ r(&y’) (S2 +x7nl? +x§ng‘2)
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1

704 () = [ 222 ) o (EYE + 1) LG Ey)® iy e poaf L e
)] HEY) (D) S Yo

Integral of the type J3'(n,) = I 2, (6)3,(6) %2 (S)m ()

J(&)d
. r&y?)° ()4

Node ¢ =0and y = x}
20 (£)x%,(E)*x, (O (I (E)E-D® _ 4lx —x;)1*)

31 _1;
Ly = lim

et r(&y")° (S2 +x2n)? +x22ng’2)3 ,
Jss,l ) :1¢0(§)x1(§)3x2(§)n1(§)(§+1)2—L?s'lr(é:ayq)GJ d Lg‘ll 1 dE.
=] rEY) (E+D) e L[ e e

Node ¢ =1and y; =x;
¢1(§)x1(§)3x2(é)n1(§)-](§)§2 :_2()610 _xlz)s(xg _xzz)z

31 _
Ly =lim

£50 &y (5°2)2
a1y [ 2O (E) x, (O (E)E? - Lir(&y")° aaf 1
T (m) = j v E J(&)dé + L j Ea

Node ¢ =2and y? = x’
21— jim 22O’ % OO EOE-D* | 46 -xn)E)E"
°oen r(&y?)° (S2 +x2nl? +x§n2‘2)3

1

(@ (E) 5 () (E)E +D? - (£, y)® wf 1
g (nl)_.jl (€Y (E+D)? e ks _Jl(m)zd

Integral of the type J2(1,) = J-% (£)x1(6)" x, (5, (8)

J(&)d
ot r(&y")° (e

Node ¢ =0and y; = x;
20 (£)x(£) %, (E)m, (G (E)E -D)? _ 4wy —x)(*)*15*

L3 = lim

el r&y’)° (S2 +x2n)? +x22ng‘2)3 ’
Jg,l )= h ¢)o(§)x1(f)3x2(§)n2 (5)(5"‘1)2 _Lg'l’”(égyyq)e J(EY L:é,l i 1 dE .
)= HEy) (€ +1) R o

Node ¢ =1and y; = x;
21(£)%(E)° x, (), (E)I(E)E? _ 2(x) —xf)* (x; — x3)

LY =1lim 2 =5
£ r€y") (5°%)
o = [ 1O L EY) oy e il L e
)= ey E @13 ae
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Node ¢ =2and y? =x’
0 ()% () X, (O (O (E)E-D° | A —x)*)*

L3 = lim
-1

r(&y?)° (S2 +x7n)? + x2ng? )3 ,
a1,y [ 2EX(E) x, (E)ny (E)E +D)° — L r(£,y?)° s 1
=] HE ) (E 1) UCLAE Pl

Integral of the type J62,2 (n) = J' @, (£)x,(£)"x, ()" ny(S)

4 r(&y?)°

J(§)dS

Node ¢=0and y, = x,
20 (£)x(€)* %, (§)* m ()T ()E-D* _  4lx —xp)10*)*(12*)°

L% = lim ; N
el r(&y") (S2 +x7nl? +x§ng'2)
22 () = [2ONE) %€ mEE+D LN Je paf L e
=] HEy) () s+ 5] e

Node ¢ =1and y; =x]

127 _ i 2ORE % (O (OO _ 2 — )’ (x5 ~x)°

6 E50 r(flyq)ﬁ (SO,Z)S ’
S22 = [ PORE RO M@~ LErEND) oo o[ L e

)= ey e O3] e

Node ¢ =2and y? = x’
9, ()x1(8)" %, (£)* m (I ()& -D)* _ 4(x; —x3)(1*)* (13°)°

L% = lim ; o
et r(&y’) (Sz +x7n)? +x22ng’2)
Jez,z )= h ¢)2(§)x1(§)2x2(§)2n1(§)(§+1)2 _Lg,zr(f,yq)e J(EY L(zi,z A 1 dE .
=] HEY ) E+ D) S I
Integral of the type J2°(n,) = j% (©)x(6)"x, (f) n(S) J(E)déE
% (& y")
Node ¢=0and y, = x,
o _ i 20820 (P m @I ENE D _ A X)) 127
P &y’ )
J62,2 ,) = i (po(é:)xl(ég)zxz(f)znz(f)(é:-i-l)z —Lé'zf”(f:yq)e J(E) Lg,z h 1 dE.
)= r(Ey ) E+D)? R (i

Node ¢ =1and y; =x;
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P ()3, (&) %, (£)*n, () (E)E® _ 2(x) —x7) (3 —x3)° ,

LZ'Z =lim 6 0213
£0 (&) (5°2)
J22(ny) = [ PO O 1O ~LPHEYD° iy oo L e
(n,) j SR (£)dé + j§ 5

Node ¢ =2and y? = x’
0, ()x1(8)" %, (£) ny () (E)E -1 _ 40 —x)('*)* (1)’

5% = lim > T
e r€y") (5, +x2n2 + x2n3?)
J62,2 )= i goz(f)xl(f)zxz(§)zn2(§)(§+1)2 _Lé,zr(éyq)e J(EY L(ZS'Z i 1 dE .
)= HE Y (E+1)° O T

Integral of the type J2°(n,) = I 2, (6)3(6)x2(6)"m ()

J(&)d
. r&y?)° ()4

Node ¢ =0and y = x}
90 (E)x,(E)x, ()’ m (E)J(E)E-D° _ 4wy 3 (15°)’

L =i ,
o rEy) (5, +xind? + x2n3?
Jé's ) :1(ﬂo(f)xl(f)xz(f)snl(f)(f+l)2—L%Br(f,yq)GJ d L16'31 1 dE.
=] HEy")P(E+1)° O

Node ¢ =1and y; =x;
01 ()% () x, (E)m(E)I () 2(x) —xf)(x; —x3)*

L =lim

£50 &y (5°2)?
oy [ 2E)x(E)x, (€ (O)E — Lr(&,y")° wfl
Je¥(m) = j RO J(&)dE + Ly j Ea

Node ¢ =2and y? = x’
02 (E)x (€)%, () m(E)T(E)E-D? _ 4(x —x3)l* (1)’

L = lim
¢

ot r(&y7)" (S2 +x7nl? +x§n2‘2)3 ’
sy [ PO (E)x,(6)°ny (E)E +1)7 - LPr(£,y")° wf 1
=] HEY)P(E+1) Sz ] s

Integral of the type J*(1,) = J-% (8)x:(8)x, ()", (S)

4 r&y’)°

J(§)de

Node g =0and y; = x;
4 = lim 2o ()3 (E)x, (€)*my (E)J(E)E-D)* _ 40w —x)l* (13%)°
¢

_ q\6 3 !
-t r(&y") (S2+x12n1°’2+x22n2’2)
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(), () ny(O)E +1) — Lr(E,y")° b1
J(E)dé + L _dE.
HEy)P(E +1)° e+ £(§+1) :

1

2

Jé3(”z) = I :
)

Node ¢ =1and y; = x;
0.()x (O)x, () m () () _ 20 —x1)* (v —x5)°

L =lim

-0 r(§,y")6 (SO'2)3
T )= [ %(g)xl(g)gxzfgn;fgi; LYY jeyae s | (glzdé .

Node ¢ =2and y? =x’
Lgs — lim ¢2(§)x1(§)x2(§)3n2(§)J(§)(§—1)2 __ 4(x12 _xll)llo,z(lg,z)s

: 6 3
¢t r(&.y7) (S2 +x2n? +x22ng'2)

sy [2(O)X(E)x,(E)° ny(E)E+D)° - LPr(£,y?)° wf 1
s =] HE ) (E 1) UCLAE Pl

Here S, = (3x! —4x?f + (8} —4x2f, n®” =6x7 —8x! +x7 |
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