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Abstract 

 
This article considers weakly singular, singular and hypersingular integrals, which arise 
when the boundary integral equation (BIE) methods are used to solve problems in 2-D 
elastostatics. For their regularization, an approach based on the theory of distribution and 
application of the Green’s theorem has been used. The expressions, which allow an easy 
calculation of the weakly singular, singular and hypersingular integrals for straight and 
curved boundary elements, have been constructed.  
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1. Introduction 
 

The BIE is a very powerful tool for the solution of mathematical problems in science 
and engineering [1-3]. When the BIE are solved numerically divergent integrals have to 
be calculated. Numerical methods developed for the regular integrals calculation cannot 
be used for their calculation. There are many methods for the divergent integral 
calculation (for references, see books [3, 7] and review articles [4, 5, 8] and references 
there). We will not discuss here advantages and disadvantages of these methods; they 
have already been done in the above mentioned reviews. We will consider here method 
of the divergent integral regularization developed in [10-16] in more details. This method 
is based on the Green’s theorem application in the sense of the theory of distributions. 
For the first time this approach has been used in [10]. Then, it was further developed in 
[15] and [16] for the regularization of the hypersingular integrals in static and dynamic 
problems of fracture mechanics. More applications of this regularization method can be 
found in review articles [5, 6]. The equations presented in [11, 12, 14] permit to 
transform divergent integrals to the regular ones. They can be applied for a wide class of 
divergent integral regularizations.  
     In the present paper, the above mentioned approach for the divergent integral 
regularization is developed and applied for the case of 2-D elastostatic problems. The 
weakly singular (WS) integrals are treated as improper, the singular integrals are treated 
in the sense of the Cauchy principal value (PV), and the hypersingular integrals are 
treated as the Hadamard’s finite part (FP) integrals, and the same method for their 
regularization is used. Straight and curved boundary elements (BE) with different number 
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of nodal points are considered. The regularized equations for the calculation of the WS, 
PV and FP 1-D integrals have been presented here.  
 
2. Problem Statement and the BIE  
  
     Let us consider a homogeneous, lineally elastic body, which in 2-D Euclidean space 
ℜ2 occupies an open bounded region V with 1,0C  Lipschitzian regular boundary V∂ . 
The boundary contains two parts uV∂  and pV∂  such that ∅=∂∩∂ pu VV  and 

VVV pu ∂=∂∪∂ . On part uV∂  the displacement )(xiu and on part pV∂  the traction 
)(xip  are prescribed, respectively. The body may by affected by the volume force )(xib . 

We assume that the displacement and their gradients are small. In this case the 
differential equations of the equilibrium in the displacement may be presented in the form 

    ,0=+ ijij buA      .)( jikkijijA ∂∂++∂∂= μλμδ            V∈∀x             (2.1)                                              

     If the body occupies a finite regionV , it is necessary to establish the boundary 
conditions. The mixed boundary conditions are  
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The differential operator ijij puP →:  is called the stress operator.  It transforms the 
displacements into the tractions. For the homogeneous isotropic elastic medium it has the 
form 

 ( )iknijkiij nnP ∂+∂+∂= δμλ .                                (2.3)                           

Here in  are the components of the outward unit normal vector, iin n ∂=∂  is the derivative 
in the direction of the vector )(xn  normal to the surface V∂ . 
     If the equation (2.1) is defined in an infinite region, then its solution must satisfy 
additional conditions at infinity  

  ))(ln()( 1−= rOui x  , )()( 1−= rOij xσ   for  ∞→r . 

     The boundary value problem of the elastostatics (2.1)-(2.2), can be transformed to the 
boundary integral equations. In order to do that the boundary integral representations for 
the displacement and the traction have usually been used. On the smooth part of the 
boundary these representations have the form   

).,,(),,(),,()(
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xfxuxpx

xfxuxpx

+∂−∂=±

+∂−∂=±
                   (2.4) 

Here the plus and minus signs are used for the interior and exterior problems, 
respectively. For convenience and compactness of the BIE consideration, we introduce 
the following elastostatic potentials  
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∫
∂
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(2.5) 
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V

ijji dVKfVK yxxyf  

The kernels here are the fundamental solutions for the differential operator ijA . They have 
the form   
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22
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Euclidean space  ℜ2, 
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=∂  are derivatives with respect to ix  and 

iy . 
     Together with boundary conditions, the integral representations (2.5) are used for the 
creation of the BIE that correspond to the boundary value problems of elastostatics. 
Using (2.5) we can construct various BIEs for the same boundary value problem. For 
example, if we use the first and the second boundary integral representations on the parts 

uV∂  and pV∂  of the boundary, the BIEs have the form  

)(),,(),,()(2
1 xxuxpx ipiuii VWVUu Φ=∂+∂−  , uV∂∈∀x  

)()),,(),,()(2
1 xxuxpx ipiuii VFVKp Ψ=∂+∂−  , pV∂∈∀x              (2.7) 

where  
),,(),,(),,()( pipiii VWVψUVU ∂−∂+=Φ xxxfx ϕ ,

),,(),,(),,()( pipiii VFVψKVK ∂−∂+=Ψ xxxfx ϕ . 

These BIEs are not unique. Many other BIEs that correspond to the boundary value 
problems of elastostatics have been considered in [1-3].   
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     The kernels (2.6) contain singularities of different kind; the kernel ) ( yx −ijU  is 
weakly singular, ), ( yxijW  and ), ( yxijK are singular and ), ( yxijF is hypersingular. 
The integrals with singularities can not be considered in the usual (Riemann or Lebegue) 
sense.  In order for such integrals to have sense, it is necessary to carry out a special 
consideration.  
 

Definition 2.1. Integrals in (2.7) with kernels ) ( yx −ijU  are weakly singular and 
must be considered as improper 

                          ∫∫
∂∂

→
∂

−=−
ε

ε
VV

iji
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iji dSUpdSUpSW
\

0
)()(lim)()(.. yxxyxx .                    (2.8)                             

Here εV∂ is a part of the boundary, projection of which on the tangential plane is 

contained in the circle )(xεC of radius ε  with center at x. 
 

Definition 2.2. Integrals in (2.7) with kernels ), ( yxijW  and ), ( yxijK  are singular 
and must be considered in the sense of the Cauchy principal values as  
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Here )( ε<∂ rV is a part of the boundary, projection of which on the tangential plane is 
the circle )(xεC of radius ε  with center at x. 
 

Definition 2.3.  Integrals in (2.7) with kernels ), ( yxijF are hypersingular and must 
be considered in the sense of the Hadamard finite part as  
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Here functions )(xjf are chosen to assure the existence of the limit. 
We will apply these definitions to the integrals in (2.7) and will investigate their 

singularities and develop methods for the calculation of these divergent integrals. 
     The BIE is usually solved numerically, transforming them into a discrete system of 
finite dimensional equations. This method of the BIE solution is called the boundary 
element method (BEM).   
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3. BEM Equations 
 
     To transform the BIE into the finite dimensional BEM equations we have to split the 
boundary V∂  into a collection of finite boundary elements (BE) 

 ,    ,
1

∅=∂∩∂∂=∂
=

knn

N

n
VVVV U  if .kn ≠                     (3.1) 

On each BE we shall choose Q  nodes of interpolation and the shape functions )(xnqϕ . 
Then the displacement and traction on each BE nV∂  will be approximately represented in 
the form 
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and on the whole boundary V∂  in the form  
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Here and below if the node q  belongs to several BEs it is considered only once in these 
sums.  
     Substitution of the expressions (3.3) in (2.4) gives us the finite-dimensional 
representations for the displacements and traction vectors on the boundary in the form  
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The volume potentials ( )ni VU ,, yf  and ( )ni VK ,, yf  depend on the discretization of the 
domain V . More detailed information about discretization, interpolation and transition 
from the BIE to the BEM equations can be found in [1-3]. 
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4. Boundary Elements and Approximation in the General Case 
 

In order to calculate integrals in (3.5) let us introduce the local coordinate ξ  on the 
BEs. Then global coordinates can be expressed in the form  

∑
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q
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q
nq

q
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0

)()( ξϕξ  .                           (4.1) 

Here q
ix  and q

iy  are the global coordinates of the nodal points and )(ξϕnq  shape or 
interpolation functions.  Since we will use the same shape functions on each BE, index n  
will be omitted in )(ξϕnq . For the BE with 1+Q  nodes of interpolation an 
approximation polynomial (shape function) of degree Q  is used.  They are given by 
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The distance between points x  and y  in local coordinates is  
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     Curved 1-D element dS  in (3.5) in the local coordinates has the form  
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2
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Jacobian here may be also presented in the form   
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     Analysis of the fundamental solutions in (2.6) shows that integrals in (3.5) contain 
kernels with different singularities as yx → . In order to construct the BEM equations 
we have to calculate the divergent integrals related to the following fundamental 
solutions: 
 
1. Weakly singular (WS) :   
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2. Singular in the sense of the principle value (PV): 
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3. Hypersingular in the sense of the finite part (FP): 
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For simplicity we set 0=y  in the above equations. Definition of the weakly singular, 
singular in the sense of the principle value and hypersingular in the sense of the finite part 
integrals may be found in [5].  
     We need also to calculate components of the normal vector )(1 xn  and )(2 xn in the 
local coordinates. For that purpose we will use representations  
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the normal and tangential vectors can be written as 
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5. Straight Boundary Elements  
 

     Let us consider a straight BE with 1+Q nodes situated with equal distance along 
the element (Fig.1). The global coordinates are given, in term of the local coordinate 

]1,1[−∈ξ by  

∑
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=
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q
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11 )()( ξϕξ  , 0)(2 =ξx  , 0)(1 =ξn  , 1)(2 =ξn .                        (5.1) 

The distance between points x  and y  and the Jacobian in the local coordinates are  
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The singular members in (3.5) with (4.6)-(4.8) are reduced to the following form 
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Fig.1 

 
 
 
5.1. Piecewise constant approximation  
 
     The piecewise constant approximation is the simplest one. In this case there is only 
one node of interpolation and 

00
1 =y , ξnr Δ= .                                                      (5.4) 

Interpolation function has the form 
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Applying the corresponding formulas from [12] and considering divergent integrals as 
(WS), (PV)  and (FP) we have    
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5.2. Piecewise linear approximation  
 
     There are two nodes of interpolation 0=q  and 1=q  with global node coordinates 

nx Δ−=0
1 , nx Δ=1

1 , 00
2 =x , 01

2 =x . The interpolation functions, distance between 
points x  and y ,  and the element of the contour length have the form 

2
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ξξϕ , 

2
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n yr −Δ= ξ , .ξddl nΔ= ]1,1[−∈ξ .           (5.7)                   

The (WS) and (FP) divergent integrals with the kernels (5.3) can be calculated in the 
same way as for the piecewise constant approximation. The (PV) divergent integrals need 
a special consideration.  
     For the node 0=q  with ny Δ−=0
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 For the node 1=q  with ny Δ=1
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2 =y  and  )1( −Δ= ξnr  we have   
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Here we have used the following definitions 
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     In order to consider the (PV) divergent integrals in the correct way make sure that the 
Cauchy (PV) integrals are determined for the symmetric interval. Integrals in (5.8b), 
(5.8f) and (5.9b), (5.9e) are divergent. Situation can be improved if we consider the −n th 
BE together with the two adjoining the )1( −n  and −+ )1(n th BEs as shown in Fig. 2.  

 
Fig. 2 

It is easy to see that together with integral (5.8b) on the −n th BE, we can consider 
integral (5.9b) on the −− )1(n th BE. We have to add these integrals in constructing the  
global system of BE equations. Thus  
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Since 0
2
1

2
1 2

0

0

2

=− ∫∫
−

ξξ dd , we can formally prescribe the value 0 to the (PV) divergent 

integrals in (5.8b), (5.8f) and (5.9b), (5.9e).  
 
 
5.3. Piecewise quadratic approximation  
 
There are three nodes of interpolation 0=q , 1=q  and 2=q  with global coordinates 

nx Δ−=0
1 , nx Δ=1
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2 =x , 01

2 =x . The interpolation functions, the distance between 
points x  and y ,  and the element of the contour length have the form 
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For the node 1=q  with 01
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For the node 2=q  with ny Δ=2
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The singular integrals at the end nodes have to be calculated in the same way as for the 
piecewise linear approximation. 
 
6. Curved Boundary Elements  
 
     Now we try to calculate divergent integrals from (3.5) for the general curved BEs. 
Unfortunately, in the case of the curved BEs the regularization formulas from [11, 12] 
can not be applied directly. Therefore we transform these integrals in the following way   
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where nnV Π→∂:π  is the operator of an orthogonal projection from the curved element 

nV∂  to the linear element εΠ , πdS  is the differential element of length for a linear 
element εΠ . The main idea of these transformations is that the divergent integral over 
curved element is presented as a sum of the regular integral over the curved element and 
the divergent integral over the flat element. As shown before, the kernels in (4.6)-(4.8) 
have the simple form (5.3) for the straight BE and can be calculated analytically. We will 
illustrate here this approach with some divergent integrals.   
 
6.1. Piecewise quadratic approximation  
 
     In the case of the piecewise quadratic approximation there are three nodes of 
interpolation 0=q , 1=q  and 2=q . Interpolation functions and their derivatives have 
the form 
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The global coordinates as functions of the local coordinate are   
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For convenience, we present them in the form  
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where 0
ix , 1

ix  and 2
ix  are global coordinates of nodal points of the BE.  

The curved element is 

ξξ dJdS )(= ,                                                (6.5) 

where Jacobian has the form 
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The components of the normal vector in the local coordinates are  
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Distance between the nodal point qy and current point x  is 
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     Now we will illustrate the developed method of the regularization for the divergent 
integrals in the case of the curved BE. On each BE there are three nodal points and three 
interpolation polynomials. It means that nine integral have to be calculated. Obviously 
these integrals are divergent only in the case when the nodal point and the interpolation 
polynomial have the same index q . Bellow, we consider each integral in detail and 
present corresponding regularization formulas.  
 
     The weakly singular integrals related to the fundamental solutions from (4.8) have the 
from 
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The regularized equations have the following form.  
     For node 0=q , where 0
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It is easy to show that only the second integral in (6.10a) is divergent. In order to proof 
that, we will consider limits of the expressions inside the correspondent integrals at the 
nodal point.  The equations below show that these expressions have finite values  
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The WS  integral in (6.10a) can be easy calculated using equation (5.6a) and definition 
(5.10).   
     For node 1=q , where 1
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Here also only the second integral in (6.11b) is divergent. The following equations show 
that 
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The WS integral in (6.11b) can be easy calculated using equation (5.6a).   
     For node 2=q , where 2
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Here we have the same situation as in the case of 0=q , only second integral in (6.12c) 
is divergent. The following equations show that 

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

+
−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

−=
→ 22,0

2
22,0

1

2,12,1
2212

)()(4

1ln
2
1

1
1ln)()(

),(
1lnlim

ll
SSJ

r
L

ξ
ξξϕ

ξξ y
, 

0
),(

1ln)()(lim 2010 ==
→ yξ

ξξϕ
ξ r

JL , 0
),(

1ln)()(lim 2111 ==
→ yξ

ξξϕ
ξ r

JL .  

The WS integral in (6.11b) can be easy calculated using equation (5.6a) and definition 
(5.10).   
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     Next, we consider the singular integral of the form 
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The regularized equations have the following form.  
     For node  0=q , where 0
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The following equations show that only second integral in (6.14a) is divergent. 
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The PV integral in (6.14a) can be easy calculated using equation (5.6b) and definition 
(5.11a).    
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Limit calculation shows that only second integral in (6.15b) is divergent 
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The PV integral in (6.15b) can be easy calculated using equation (5.6b).   
     For node  2=q , where 2

1
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Here we have the same situation as in the case of 0=q . The following equations show 
that only second integral in (6.16c) is divergent 
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The PV  integral in (6.16c) can be easy calculated using equation (5.6b) and definition 
(5.11a).    
     Finally let us consider hypersingular integral  
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The regularized equations have the following form.  
     For node 0=q , where 0
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The following limit calculation shows that only second integral in (6.18a) is divergent  
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The FP integral in (6.18a) can be easy calculated using equation (5.6c) and definition 
(5.10). 
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     For node 1=q , where 1
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The following equations show that only second integral in (6.18b) is divergent 
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The FP integral in (6.19b) can be easy calculated using equation (5.6c) and definition 
(5.10). 
     For node  2=q , where 2
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Here we have the same situation as in the case of 0=q . Limit calculation shows that 
only second integral in (6.20c) is divergent 
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The FP integral in (6.19b) can be easy calculated using equation (5.6c) and definition 
(5.10).  
     Many divergent integrals of various types appear in the equations (4.6)-(4.8). Since 
methodology of their regularization is the same as it was presented above, only their 
regularized equations are presented in Appendixes A-C.    
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Conclusions 
 
     Method of the divergent integral regularization, which is based on the theory of 
distribution is developed here and is applied to the BIE solution of the 2-D elastostatic 
problems. The weakly singular, singular and hypersingular integrals in 1-D are 
considered and their regular formulas have been obtained using the unified technique. 
Straight and curved BEs with different number of nodal points have been considered. In 
the case of the straight BE, all integrals can be calculated analytically and in the case of 
curvilinear BE, numerical integration of regular parts of the corresponding divergent 
integrals has to be used.  
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Appendix A 
 

Regularization of the singular integrals related to the kernels ),( yxijK  
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1
2

21,0
2021,0

2 1
1)(

)1(),(
),()1)(()(

ξ
ξ

ξξ
ξξ

ξξξϕξ
dLdJ

r
rLx

J q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =   

2,0

0
2

2
2

2
12

0

1,0
2

)(
),(

)()()(lim
S

xx
r

JxL q

−
==

→ yξ
ξξξϕξ

ξ
, 

∫∫
−−

+
−

=
1

1

1,0
2

1

1
2

21,0
2121,0

2
1)(

),(
),()()(

ξ
ξ

ξξ
ξξ
ξξξϕξ

dLdJ
r

rLx
J q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   

22,0
2

22,0
1

1,20,2
2

2
22

1

1,0
2 )()(

2
),(

)1))(()()(
lim

ll
Sl

r
Jx

L q +
−=

−
=

→ yξ
ξξξϕξ

ξ
, 

∫∫
−− −

+
−

−−
=

1

1

1,0
2

1

1
2

21,0
2021,0

2 1
1)(

)1(),(
),()1)(()(

ξ
ξ

ξξ
ξξ

ξξξϕξ
dLdJ

r
rLx

J q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
4

3
10,3

4 )(
),(

)()(
ξξ

ξ
ξϕξ

dJ
r

x
J q

q

y
 

Node  0=q and 0
1

0
1 xy =   

( )222,0
2

22,0
1

1,032,0
1

4
0

3
1

1

0,3
4

)()(

)(2
),(

)1)(()()(
lim

ll

Sl
r

Jx
L q

+
−=

+
=

−→ yξ
ξξξϕξ

ξ
, 

∫∫
−− +

+
+

−+
=

1

1

0,3
4

1

1
4

40,3
40

3
10,3

4 1
1)(

)1(),(
),()1)(()(

ξ
ξ

ξξ
ξξ

ξξξϕξ
dLdJ

r
rLx

J q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =   

3

2,0

0
1

2
1

4
1

3
1

0

0,3
4

)(
),(

)()()(
lim ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
==

→ S
xx

r
Jx

L qyξ
ξξξϕξ

ξ
, 

∫
−

+=
1

1

0,3
4

0,3
4

0,3
4

1 ξ
ξ

dLIJ , ∫
−

−
=

1

1
4

40,3
41

3
10,3

4 )(
),(

),()()(
ξξ

ξξ
ξξξϕξ

dJ
r

rLx
I q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   

( )222,0
2

22,0
1

1,230,2
1

4
2

3
1

1

0,3
4

)()(

)(2
),(

)1)(()()(
lim

ll

Sl
r

Jx
L q

+
=

−
=

→ yξ
ξξξϕξ

ξ
, 

∫∫
−− −

+
−

=
1

1

0,3
4

1

1
4

40,3
41

3
10,3

4 1
1)(

),(
),()()(

ξ
ξ

ξξ
ξξ

ξξξϕξ
dLdJ

r
rLx

J q

q

y
y

. 
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Integral of the type ∫
−

=
1

1
4

3
23,0

4 )(
),(

)()(
ξξ

ξ
ξϕξ

dJ
r

x
J q

q

y
 

Node  0=q and 0
1

0
1 xy =   

( )222,0
2

22,0
1

1,032,0
2

4
0

3
2

1

3,0
4

)()(

)(2
),(

)1)(()()(
lim

ll

Sl
r

Jx
L q

+
−=

+
=

−→ yξ
ξξξϕξ

ξ
, 

∫∫
−− +

+
+

−+
=

1

1

3,0
4

1

1
4

43,0
40

3
23,0

4 1
1)(

)1(),(
),()1)(()(

ξ
ξ

ξξ
ξξ

ξξξϕξ
dLdJ

r
rLx

J q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =   

3

2,0

0
2

2
2

4
1

3
2

0

3,0
4

)(
),(

)()()(
lim ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
==

→ S
xx

r
Jx

L qyξ
ξξξϕξ

ξ
, 

∫∫
−−

+
−

=
1

1

3,0
4

1

1
4

43,0
41

3
23,0

4
1)(

),(
),()()(

ξ
ξ

ξξ
ξξ

ξξξϕξ
dLdJ

r
rLx

J q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   

( )222,0
2

22,0
1

1,230,2
2

4
2

3
2

1

3,0
4

)()(

)(2
),(

)1)(()()(
lim

ll

Sl
r

Jx
L q

+
=

−
=

→ yξ
ξξξϕξ

ξ
, 

∫∫
−− −

+
−

−−
=

1

1

3,0
4

1

1
4

41,2
42

3
23,0

4 1
1)(

)1(),(
),()1)(()(

ξ
ξ

ξξ
ξξ

ξξξϕξ
dLdJ

r
rLx

J q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
4

2
2

11,2
4 )(

),(
)()()(

ξξ
ξ

ξϕξξ
dJ

r
xx

J q
q

y
 

Node  0=q and 0
1

0
1 xy =   

( )222,0
2

22,0
1

1,02,0
2

22,0
1

4
02

2
1

1

1,2
4

)()(

)(2
),(

)1)(()()()(
lim

ll

Sll
r

Jxx
L q

+
−=

+
=

−→ yξ
ξξξϕξξ

ξ
, 

∫
− +

+=
1

1

1,2
4

1,2
4

1,2
4 1

1 ξ
ξ

dLIJ , ∫
− +

−+
=

1

1
4

41,2
402

2
11,2

4 )(
)1(),(

),()1)(()()(
ξξ

ξξ
ξξξϕξξ

dJ
r

rLxx
I q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =   

32,0

0
2

2
2

20
1

2
1

4
12

2
1

0

1,2
4 )(

)()(
),(

)()()()(
lim

S
xxxx

r
Jxx

L q

−−
==

→ yξ
ξξξϕξξ

ξ
, 

∫∫
−−

+
+
−+

=
1

1

1,2
4

1

1
4

41,2
402

2
11,2

4
1)(

)1(),(
),()1)(()()(

ξ
ξ

ξξ
ξξ

ξξξϕξξ
dLdJ

r
rLxx

J q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   
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( )222,0
2

22,0
1

1,20,2
2

20,2
1

4
22

2
1

1

1,2
4

)()(

)(2
),(

)1)(()()()(
lim

ll

Sll
r

Jxx
L q

+
=

−
=

→ yξ
ξξξϕξξ

ξ
, 

∫∫
−− −

+
−
−−

=
1

1

1,2
4

1

1
4

41,2
422

2
11,2

4 1
1)(

)1(),(
),()1)(()()(

ξ
ξ

ξξ
ξξ

ξξξϕξξ
dLdJ

r
rLxx

J q

q

y
y

.  

 

Integral of the type ∫
−

=
1

1
4

2
212,1

4 )(
),(

)()()(
ξξ

ξ
ξϕξξ

dJ
r
xx

J q
q

y
 

Node  0=q and 0
1

0
1 xy =   

( )222,0
2

22,0
1

1,02,0
1

22,0
2

4
0

2
21

1

2,1
4

)()(

)(2
),(

)1)(()()()(
lim

ll

Sll
r

Jxx
L q

+
−=

+
=

−→ yξ
ξξξϕξξ

ξ
, 

∫∫
−− +

+
+
−+

=
1

1

2,1
4

1

1
4

42,1
40

2
212,1

4 1
1)(

)1(),(
),()1)(()()(

ξ
ξ

ξξ
ξξ

ξξξϕξξ
dLdJ

r
rLxx

J q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =   

32,0

20
2

2
2

0
1

2
1

4
1

2
21

0

2,1
4 )(

))((
),(

)()()()(
lim

S
xxxx

r
Jxx

L q

−−
==

→ yξ
ξξξϕξξ

ξ
, 

∫∫
−−

+
−

=
1

1

2,1
4

1

1
4

42,1
41

2
212,1

4
1)(

),(
),()()()(

ξ
ξ

ξξ
ξξ

ξξξϕξξ
dLdJ

r
rLxx

J q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   

( )222,0
2

22,0
1

1,00,2
1

20,2
2

4
2

2
21

1

2,1
4

)()(

)(2
),(

)1)(()()()(
lim

ll

Sll
r

Jxx
L q

+
=

−
=

→ yξ
ξξξϕξξ

ξ
, 

∫∫
−− −

+
−
−−

=
1

1

2,1
4

1

1
4

42,1
42

2
212,1

4 1
1)(

)1(),(
),()1)(()()(

ξ
ξ

ξξ
ξξ

ξξξϕξξ
dLdJ

r
rLxx

J q

q

y
y

. 

 
where 2

11
2

11
, )()( βαβαβα xxxxS −+−= , βαβα

1
1
11

, 43 xxxli +−= .  
 

Appendix B 
 

Regularization of the singular integrals related to the kernels ),( yxijW  
 

Integral of the type ∫
−

=
1

1
2
11

1
0,1

2 )(
),(

)()()(
)( ξξ

ξ
ξξϕξ

dJ
r

nx
nJ q

q

y
 

Node  0=q and 0
1

0
1 xy =   

2,0
2

0
2

2,0
1

0
11

1
2

0
2

2,0
1

2
101

1

0,1
2 33

)(2
),(

)1)(()()()(
lim

mxmxS
xxl

r
Jnx

L q ++
−

=
−

=
−→ yξ

ξξξξϕξ
ξ

, 
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∫∫
−− +

+
+
−+

=
1

1

0,1
2

1

1
2

20,1
2101

1
0,1

2 1
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  

22,0

0
2

2
2

0
1

2
1

2
101

0

0,1
2 )(

))((
),(

)()()()(
lim

S
xxxx

r
Jnx

L q

−−
==

→ yξ
ξξξξϕξ

ξ
, 

∫∫
−−

+
−

=
1

1

0,1
2

1

1
2

20,1
2111

1
0,1

2
1)(

),(
),()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   

2,0
2

0
2

2,0
1

0
11

1
2

2
2

0,2
1

2
121

1

0,1
2 33

)(2
),(

)1)(()()()(lim
mxmxS

xxl
r

JnxL q ++
−

=
−

=
→ yξ

ξξξξϕξ
ξ

, 

∫∫
−− −

+
−
−−

=
1

1

0,1
2

1

1
2

20,1
2121

1
0,1

2 1
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
2
21

2
0,1

2 )(
),(

)()()(
)( ξξ

ξ
ξξϕξ

dJ
r

nx
nJ q

q

y
 

Node  0=q and 0
1

0
1 xy =   

2,0
2

0
2

2,0
1

0
11

1
1

0
1

2,0
1

2
201

1

0,1
2 33

)(2
),(

)1)(()()()(
lim

mxmxS
xxl

r
Jnx

L q ++
−

=
+

=
−→ yξ

ξξξξϕξ
ξ

, 

∫∫
−− +

+
+
−+

=
1

1

0,1
2

1

1
2

20,1
2201

2
0,1

2 1
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  

( )
22,0

22
1

0
1

2
211

0

0,1
2 )(),(

)()()()(
lim

S
xx

r
Jnx

L q

−
==

→ yξ
ξξξξϕξ

ξ
, 

∫∫
−−

+
−

=
1

1

0,1
2

1

1
2

20,1
2211

2
0,1

2
1)(

),(
),()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   

2,0
2

0
2

2,0
1

0
11

1
1

2
1

0,2
1

2
221

1

0,1
2 33

)(2
),(

)1)(()()()(lim
mxmxS

xxl
r

JnxL q ++
−

−=
−

=
→ yξ

ξξξξϕξ
ξ

, 

∫∫
−− −

+
−
−−

=
1

1

0,1
2

1

1
2

20,1
22210,1

2 1
1)(

)1(),(
),()1)(()()(

ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

J q

q

y
y

. 
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Integral of the type ∫
−

=
1

1
2

12
1

1,0
2 )(

),(
)()()(

))( ξξ
ξ

ξξϕξ
dJ

r
nx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =  

2,0
2

0
2

2,0
1

0
11

1
2

0
2

2,0
2

2
102

1

1,0
2 33

)(2
),(

)1)(()()()(
lim

mxmxS
xxl

r
Jnx

L q ++
−

−=
+

=
−→ yξ

ξξξξϕξ
ξ

, 

∫∫
−− +

+
+
−+

=
1

1

1,0
2

1

1
2

21,0
2102

1
1,0

2 1
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =    

( )
22,0

22
2

0
2

2
112

0

1,0
2 )(),(

)()()()(
lim

S
xx

r
Jnx

L q

−
==

→ yξ
ξξξξϕξ

ξ
, 

∫∫
−−

+
−

=
1

1

1,0
2

1

1
2

21,0
2112

1
1,0

2
1)(

),(
),()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =    

2,0
2

0
2

2,0
1

0
11

1
2

2
2

0,2
2

2
122

1

1,0
2 33

)(2
),(

)1)(()()()(lim
mxmxS

xxl
r

JnxL q ++
−

=
−

=
→ yξ

ξξξξϕξ
ξ

, 

∫∫
−− −

+
−
−−

=
1

1

1,0
2

1

1
2

21,0
2122

1
1,0

2 1
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
2

22
2

1,0
2 )(

),(
)()()(

)( ξξ
ξ

ξξϕξ
dJ

r
nx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =   

2,0
2

0
2

2,0
1

0
11

1
1

2
1

2,0
2

2
202

1

1,0
2 33

)(2
),(

)1)(()()()(
lim

mxmxS
xxl

r
Jnx

L q ++
−

−=
+

=
−→ yξ

ξξξξϕξ
ξ

, 

∫∫
−− +

+
+
−+

=
1

1

1,0
2

1

1
2

21,0
2202

2
1,0

2 1
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  

22,0

0
2

2
2

0
1

2
1

2
212

0

1,0
2 )(

))((
),(

)()()()(
lim

S
xxxx

r
Jnx

L q

−−
−==

→ yξ
ξξξξϕξ

ξ
, 

∫∫
−−

+
−

=
1

1

0,1
2

1

1
2

21,0
2212

2
1,0

2
1)(

),(
),()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

.  

Node  2=q and 2
1

2
1 xy =  

2,0
2

0
2

2,0
1

0
11

1
1

2
1

0,2
2

2
212

1

1,0
2 33

)(2
),(

)1)(()()()(lim
mxmxS

xxl
r

JnxL q ++
−

−=
−

=
→ yξ

ξξξξϕξ
ξ

, 
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∫∫
−− −

+
−
−−

=
1

1

0,1
2

1

1
2

21,0
2212

2
1,0

2 1
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
4

1
3

1
1

0,3
4 )(

),(
)()()(

)( ξξ
ξ

ξξϕξ
dJ

r
nx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =   

2,0
2

0
2

2,0
1

0
11

1
2

2
2

32,0
1

4
10

3
1

1

0,3
4 33

)()(2
),(

)1)(()()()(
lim

mxmxS
xxl

r
Jnx

L q ++
−

−=
+

=
−→ yξ

ξξξξϕξ
ξ

, 

∫∫
−− +

+
+
−+

=
1

1

0,3
4

1

1
4

40,3
410

3
1

1
0,3

4 1
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =   

22,0

0
2

2
2

30
1

2
1

4
11

3
1

0

0,3
4 )(

)()(
),(

)()()()(
lim

S
xxxx

r
Jnx

L q

−−
==

→ yξ
ξξξξϕξ

ξ
, 

∫∫
−−

+
−

=
1

1

0,3
4

1

1
4

40,3
411

3
1

1
0,3

4
1)(

),(
),()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =  

2,0
2

0
2

2,0
1

0
11

1
2

2
2

30,2
1

4
12

3
1

1

0,3
4 33

)()(2
),(

)1)(()()()(
lim

mxmxS
xxl

r
Jnx

L q ++
−

=
−

=
→ yξ

ξξξξϕξ
ξ

, 

∫∫
−− −

+
−
−−

=
1

1

0,3
4

1

1
4

40,3
412

3
1

1
0,3

4 1
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
4

2
3

2
2

3,0
4 )(

),(
)()()(

)( ξξ
ξ

ξξϕξ
dJ

r
nx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =  

2,0
2

0
2

2,0
1

0
11

1
1

2
1

32,0
2

4
20

3
2

1

3,0
4 33

)()(2
),(

)1)(()()()(
lim

mxmxS
xxl

r
Jnx

L q ++
−

=
+

=
−→ yξ

ξξξξϕξ
ξ

, 

∫∫
−− +

+
+
−+

=
1

1

3,0
4

1

1
4

43,0
420

3
2

2
3,0

4 1
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

 . 

Node  1=q and 1
1

1
1 xy =   

( )( )
22,0

32
2

0
2

2
1

0
1

4
21

3
2

0

3,0
4 )(),(

)()()()(
lim

S
xxxx

r
Jnx

L q

−−
−==

→ yξ
ξξξξϕξ

ξ
, 

∫∫
−−

+
−

=
1

1

3,0
4

1

1
4

43,0
421

3
2

2
3,0

4
1)(

),(
),()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

. 
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Node  2=q and 2
1

2
1 xy =  

2,0
2

0
2

2,0
1

0
11

1
1

2
1

30,2
1

4
22

3
2

1

3,0
4 33

)()(2
),(

)1)(()()()(lim
mxmxS

xxl
r

JnxL q ++
−

−=
−

=
→ yξ

ξξξξϕξ
ξ

, 

∫∫
−− −

+
−
−−

=
1

1

3,0
4

1

1
4

43,0
422

3
2

2
3,0

4 1
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξ
dLdJ

r
rLnx

nJ q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
4

12
2

1
1

1,2
4 )(

),(
)()()()(

)( ξξ
ξ

ξξϕξξ
dJ

r
nxx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =   

2,0
2

0
2

2,0
1

0
11

1
2

2
2

2,0
2

22,0
1

4
102

2
1

1

1,2
4 33

)()(2
),(

)1)(()()()()(
lim

mxmxS
xxll

r
Jnxx

L q ++
−

=
+

=
−→ yξ

ξξξξϕξξ
ξ

, 

∫∫
−− +

+
+

−+
=

1

1

1,2
4

1

1
4

41,2
4102

2
11,2

4 1
1)(

)1(),(
),()1)(()()()(

ξ
ξ

ξξ
ξξ

ξξξξϕξξ
dLdJ

r
rLnxx

J q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  

( ) ( )
22,0

22
2

0
2

22
1

0
1

4
112

2
1

0

1,2
4 )(),(

)()()()()(
lim

S
xxxx

r
Jnxx

L q

−−
==

→ yξ
ξξξξϕξξ

ξ
, 

∫∫
−−

+
−

=
1

1

1,2
4

1

1
4

41,2
4112

2
1

1
1,2

4
1)(

),(
),()()()()(

)( ξ
ξ

ξξ
ξξ

ξξξϕξξξ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =  

2,0
2

0
2

2,0
1

0
11

1
2

2
2

0,2
2

20,2
1

4
122

2
1

1

1,2
4 33

)()(2
),(

)1)(()()()()(
lim

mxmxS
xxll

r
Jnxx

L q ++
−

=
−

=
→ yξ

ξξξξϕξξ
ξ

, 

∫∫
−− −

+
−

−−
=

1

1

1,2
4

1

1
4

41,2
4122

2
1

1
1,2

4 1
1)(

)1(),(
),()1)(()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξξ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
4

22
2

1
2

1,2
4 )(

),(
)()()()(

)( ξξ
ξ

ξξϕξξ
dJ

r
nxx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =  

2,0
2

0
2

2,0
1

0
11

1
1

2
1

2,0
2

22,0
1

4
202

2
1

1

1,2
4 33

)()(2
),(

)1)(()()()()(
lim

mxmxS
xxll

r
Jnxx

L q ++
−

−=
+

=
−→ yξ

ξξξξϕξξ
ξ

, 

∫∫
−− +

+
+

−+
=

1

1

1,2
4

1

1
4

41,2
4202

2
11,2

4 1
1)(

)1(),(
),()1)(()()()(

ξ
ξ

ξξ
ξξ

ξξξξϕξξ
dLdJ

r
rLnxx

J q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  
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( ) ( )
22,0

22
2

0
2

22
1

0
1

4
212

2
1

0

1,2
4 )(),(

)()()()()(
lim

S
xxxx

r
Jnxx

L q

−−
−==

→ yξ
ξξξξϕξξ

ξ
, 

∫∫
−−

+
−

=
1

1

1,2
4

1

1
4

41,2
4212

2
1

2
1,2

4
1)(

),(
),()()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξξ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =  

2,0
2

0
2

2,0
1

0
11

1
1

2
1

0,2
2

20,2
1

4
222

2
1

1

1,2
4 33

)()(2
),(

)1)(()()()()(
lim

mxmxS
xxll

r
Jnxx

L q ++
−

−=
−

=
→ yξ

ξξξξϕξξ
ξ

, 

∫∫
−− −

+
−

−−
=

1

1

1,2
4

1

1
4

41,2
4222

2
1

2
1,2

4 1
1)(

)1(),(
),()1)(()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξξ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

 
 

Integral of the type ∫
−

=
1

1
4

1
2

21
1

2,1
4 )(

),(
)()()()(

)( ξξ
ξ

ξξϕξξ
dJ

r
nxx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =  

2,0
2

0
2

2,0
1

0
11

1
2

2
2

2,0
2

22,0
1

4
10

2
21

1

2,1
4 33

)()(2
),(

)1)(()()()()(
lim

mxmxS
xxll

r
Jnxx

L q ++
−

=
+

=
−→ yξ

ξξξξϕξξ
ξ

, 

∫∫
−− +

+
+

−+
==

1

1

2,1
4

1

1
4

42,1
410

2
212,1

41
2,1

4 1
1)(

)1(),(
),()1)(()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξξ
dLdJ

r
rLnxx

InJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  

( )( )
22,0

22
2

0
2

2
1

0
1

4
11

2
21

0

2,1
4 )(),(

)()()()()(
lim

S
xxxx

r
Jnxx

L q

−−
−==

→ yξ
ξξξξϕξξ

ξ
, 

∫∫
−−

+
−

=
1

1

2,1
4

1

1
4

42,1
411

2
21

1
2,1

4
1)(

),(
),()()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξξ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =  

2,0
2

0
2

2,0
1

0
11

1
1

2
1

0,2
2

20,2
1

4
12

2
21

1

2,1
4 33

)()(2
),(

)1)(()()()()(
lim

mxmxS
xxll

r
Jnxx

L q ++
−

=
−

=
→ yξ

ξξξξϕξξ
ξ

, 

∫∫
−− −

+
−

−−
=

1

1

2,1
4

1

1
4

42,1
412

2
21

1
2,1

4 1
1)(

)1(),(
),()1)(()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξξ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
4

2
2

21
2

2,1
4 )(

),(
)()()()(

)( ξξ
ξ

ξξϕξξ
dJ

r
nxx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =  
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2,0
2

0
2

2,0
1

0
11

1
1

2
1

22,0
2

2,0
1

4
20

2
21

1

2,1
4 33

)()(2
),(

)1)(()()()()(
lim

mxmxS
xxll

r
Jnxx

L q ++
−

−=
+

=
−→ yξ

ξξξξϕξξ
ξ

, 

∫∫
−− +

+
+

−+
=

1

1

2,1
4

1

1
4

42,1
420

2
212,1

4 1
1)(

)1(),(
),()1)(()()()(

ξ
ξ

ξξ
ξξ

ξξξξϕξξ
dLdJ

r
rLnxx

J q

q

y
y

.  

Node  1=q and 1
1

1
1 xy =  

( ) ( )
22,0

2
2

0
2

22
1

0
1

4
21

2
21

0

2,1
4 )(),(

)()()()()(
lim

S
xxxx

r
Jnxx

L q

−−
−==

→ yξ
ξξξξϕξξ

ξ
, 

∫∫
−−

+
−

=
1

1

2,1
4

1

1
4

42,1
421

2
21

2
2,1

4
1)(

),(
),()()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξξ
dLdJ

r
rLnxx

nJ q

q

y
y

.  

Node  2=q and 2
1

2
1 xy =  

2,0
2

0
2

2,0
1

0
11

1
2

2
2

20,2
2

0,2
1

4
22

2
21

1

2,1
4 33

)()(2
),(

)1)(()()()()(lim
mxmxS
xxll

r
JnxxL q ++

−
−=

−
→ yξ

ξξξξϕξξ
ξ

, 

∫∫
−− −

+
−

−−
=

1

1

2,1
4

1

1
4

42,1
422

2
21

2
2,1

4 1
1)(

)1(),(
),()1)(()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕξξ
dLdJ

r
rLnxx

nJ q

q

y
y

.  

 
Here ( ) ( )22

2
1
2

22
1

1
11 44 xxxxS −+−= , βαβα

iiii xxxm 283 1, +−= . 
 

Appendix C 
 

Regularization of the hypersingular integrals related to the kernels  ),( yxijF  
 

Integral of the type ∫
−

=
1

1
2

1
12 )(

),(
)()(

)( ξξ
ξ

ξξϕ
dJ

r
n

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =   

2,0
2

2
2

2,0
1

2
12

1
2

0
2

2

2
10

12
)(4

),(
)1)(()()(

lim
nxnxS

xx
r

Jn
L q ++

−
−=

−
=

−→ yξ
ξξξξϕ

ξ
, 

∫∫
−− +

+
+
−+

=
1

1
22

1

1
22

2
2

2
10

12 )1(
1)(

)1(),(
),()1)(()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕ
dLdJ

r
rLn

nJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  

22,0

2
1

0
1

2

2
11

02 )(
)(2

),(
)()()(

lim
S

xx
r

Jn
L q

−
−==

→ yξ
ξξξξϕ

ξ
, 

∫∫
−−

+
−

=
1

1
22

1

1
22

2
2

2
11

12
1)(

),(
),()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕ
dLdJ

r
rLn

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   
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2,0
2

0
2

2,0
1

0
12

1
2

2
2

2

2
12

12
)(4

),(
)1)(()()(

lim
nxnxS

xx
r

Jn
L q ++

−
=

−
=

−→ yξ
ξξξξϕ

ξ
, 

∫∫
−− +

+
+
−+

=
1

1
22

1

1
22

2
2

2
12

12 )1(
1)(

)1(),(
),()1)(()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕ
dLdJ

r
rLn

nJ q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
2

2
22 )(

),(
)()(

)( ξξ
ξ

ξξϕ
dJ

r
n

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =   

2,0
2

2
2

2,0
1

2
12

1
1

0
1

2

2
20

12
)(4

),(
)1)(()()(

lim
nxnxS

xx
r

Jn
L q ++

−
=

−
=

−→ yξ
ξξξξϕ

ξ
, 

∫∫
−− +

+
+
−+

=
1

1
22

1

1
22

2
2

2
10

12 )1(
1)(

)1(),(
),()1)(()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕ
dLdJ

r
rLn

nJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  

22,0

2
2

0
2

2

2
11

02 )(
)(2

),(
)()()(

lim
S

xx
r

Jn
L q

−
==

→ yξ
ξξξξϕ

ξ
, 

∫∫
−−

+
−

=
1

1
22

1

1
22

2
2

2
11

12
1)(

),(
),()()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕ
dLdJ

r
rLn

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   

2,0
2

0
2

2,0
1

0
12

1
2

2
2

2

2
12

12
)(4

),(
)1)(()()(lim

nxnxS
xx

r
JnL q ++

−−
=

−
=

−→ yξ
ξξξξϕ

ξ
, 

∫∫
−− +

+
+
−+

=
1

1
22

1

1
22

2
2

2
12

12 )1(
1)(

)1(),(
),()1)(()(

)( ξ
ξ

ξξ
ξξ

ξξξξϕ
dLdJ

r
rLn

nJ q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
4

1
2

1
1

0,2
4 )(

),(
)()()(

)( ξξ
ξ

ξξξϕ
dJ

r
nx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =   

( )22,0
2

2
2

2,0
1

2
12

22,0
1

1
2

0
2

4

2
1

2
10

1

0,2
4

))((4
),(

)1)(()()()(
lim

nxnxS

lxx
r

Jnx
L q

++

−
−=

−
=

−→ yξ
ξξξξξϕ

ξ
, 

∫∫
−− +

+
+
−+

=
1

1
2

0,2
4

1

1
24

40,2
4

2
1

2
10

1
0,2

4 )1(
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξϕ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  

22,0

2
2

0
2

22
1

0
1

4

2
1

2
11

0

0,2
4 )(

)()(2
),(

)()()()(
lim

S
xxxx

r
Jnx

L q

−−
−==

→ yξ
ξξξξξϕ

ξ
, 
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∫∫
−−

+
−

=
1

1
2

0,2
4

1

1
24

40,2
4

2
1

2
11

1
0,2

4
1)(

),(
),()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξϕ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   

( )22,0
2

2
2

2,0
1

2
12

22,0
1

1
2

2
2

4

2
1

2
12

1

0,2
4

))((4
),(

)1)(()()()(lim
nxnxS

lxx
r

JnxL q
++

−
=

−
=

−→ yξ
ξξξξξϕ

ξ
, 

∫∫
−− +

+
+
−+

=
1

1
2

0,2
4

1

1
24

40,2
4

2
1

2
12

1
0,2

4 )1(
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξϕ
dLdJ

r
rLnx

nJ q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
4

2
2

2
2

2,0
4 )(

),(
)()()(

)( ξξ
ξ

ξξξϕ
dJ

r
nx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =   

( )22,0
2

2
2

2,0
1

2
12

22,0
2

1
1

0
1

4

2
2

2
20

1

2,0
4

))((4
),(

)1)(()()()(
lim

nxnxS

lxx
r

Jnx
L q

++

−
−=

−
=

−→ yξ
ξξξξξϕ

ξ
, 

∫∫
−− +

+
+
−+

=
1

1
2

2,0
4

1

1
24

42,0
4

2
2

2
20

1
2,0

4 )1(
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξϕ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  

22,0

22
2

0
2

2
1

0
1

4

2
2

2
21

0

2,0
4 )(

))((2
),(

)()()()(
lim

S
xxxx

r
Jnx

L q

−−
==

→ yξ
ξξξξξϕ

ξ
, 

∫∫
−−

+
−

=
1

1
2

2,0
4

1

1
24

42,0
4

2
2

2
21

1
2,0

4
1)(

),(
),()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξϕ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   

( )22,0
2

2
2

2,0
1

2
12

22,0
2

1
1

2
1

4

2
2

2
22

1

2,0
4

))((4
),(

)1)(()()()(lim
nxnxS

lxx
r

JnxL q
++

−
−=

−
=

−→ yξ
ξξξξξϕ

ξ
, 

∫∫
−− +

+
+
−+

=
1

1
2

2,0
4

1

1
24

42,0
4

2
2

2
22

1
2,0

4 )1(
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξϕ
dLdJ

r
rLnx

nJ q

q

y
y

 

 

Integral of the type ∫
−

=
1

1
4

121
1

1,1
4 )(

),(
)()()()(

)( ξξ
ξ

ξξξξϕ
dJ

r
nxx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =   

( )22,0
2

2
2

2,0
1

2
12

2,0
2

2,0
1

1
2

0
2

4

2
1210

1

1,1
4

)(4
),(

)1)(()()()()(
lim

nxnxS

llxx
r

Jnxx
L q

++

−
−=

−
=

−→ yξ
ξξξξξξϕ

ξ
, 

∫∫
−− +

+
+

−+
=

1

1
2

1,1
4

1

1
24

41,1
4

2
1210

1
1,1

4 )1(
1)(

)1(),(
),()1)(()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 
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Node  1=q and 1
1

1
1 xy =  

22,0

22
2

0
2

2
1

0
1

4

2
1211

0

1,1
4 )(

))((2
),(

)()()()()(
lim

S
xxxx

r
Jnxx

L q

−−
−==

→ yξ
ξξξξξξϕ

ξ
, 

∫∫
−−

+
−

=
1

1
2

1,1
4

1

1
24

41,1
4

2
1211

1
1,1

4
1)(

),(
),()()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   

( )22,0
2

2
2

2,0
1

2
12

2,0
2

2,0
1

1
2

2
2

4

2
1212

1

1,1
4

)(4
),(

)1)(()()()()(lim
nxnxS

llxx
r

JnxxL q
++

−
=

−
=

−→ yξ
ξξξξξξϕ

ξ
, 

∫∫
−− +

+
+

−+
=

1

1
2

1,1
4

1

1
24

41,1
4

2
1212

1
1,1

4 )1(
1)(

)1(),(
),()1)(()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

 
 

Integral of the type ∫
−

=
1

1
4

221
2

1,1
4 )(

),(
)()()()(

)( ξξ
ξ

ξξξξϕ
dJ

r
nxx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =   

( )22,0
2

2
2

2,0
1

2
12

2,0
2

2,0
1

1
1

0
1

4

2
2210

1

1,1
4

)(4
),(

)1)(()()()()(
lim

nxnxS

llxx
r

Jnxx
L q

++

−
=

−
=

−→ yξ
ξξξξξξϕ

ξ
, 

∫∫
−− +

+
+

−+
=

1

1
2

1,1
4

1

1
24

41,1
4

2
2210

2
1,1

4 )1(
1)(

)1(),(
),()1)(()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  

22,0

2
2

0
2

22
1

0
1

4

2
2211

0

1,1
4 )(

)()(2
),(

)()()()()(lim
S

xxxx
r

JnxxL q

−−
==

→ yξ
ξξξξξξϕ

ξ
, 

∫∫
−−

+
−

=
1

1
2

1,1
4

1

1
24

41,1
4

2
2211

2
1,1

4
1)(

),(
),()()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   

( )22,0
2

2
2

2,0
1

2
12

2,0
2

2,0
1

1
1

2
1

4

2
2212

1

1,1
4

)(4
),(

)1)(()()()()(lim
nxnxS

llxx
r

JnxxL q
++

−
−=

−
=

−→ yξ
ξξξξξξϕ

ξ
, 

∫∫
−− +

+
+

−+
=

1

1
2

1,1
4

1

1
24

41,1
4

2
2212

2
1,1

4 )1(
1)(

)1(),(
),()1)(()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 
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Integral of the type ∫
−

=
1

1
6

1
4

1
1

0,4
6 )(

),(
)()()(

)( ξξ
ξ

ξξξϕ
dJ

r
nx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =   

( )32,0
2

2
2

2,0
1

2
12

42,0
1

1
2

0
2

6

2
1

6
10

1

0,4
6

))((4
),(

)1)(()()()(
lim

nxnxS

lxx
r

Jnx
L q

++

−
−=

−
=

−→ yξ
ξξξξξϕ

ξ
, 

∫∫
−− +

+
+
−+

=
1

1
2

0,4
6

1

1
26

60,2
4

2
1

4
10

1
0,4

6 )1(
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξϕ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  

32,0

2
2

0
2

42
1

0
1

4

2
1

2
11

0

0,2
4 )(

)()(2
),(

)()()()(
lim

S
xxxx

r
Jnx

L q

−−
−==

→ yξ
ξξξξξϕ

ξ
, 

∫∫
−−

+
−

=
1

1
2

0,4
6

1

1
26

60,4
6

2
1

4
11

1
0,4

6
1)(

),(
),()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξϕ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   

( )32,0
2

2
2

2,0
1

2
12

42,0
1

1
2

2
2

6

2
1

4
12

1

0,4
6

))((4
),(

)1)(()()()(lim
nxnxS

lxx
r

JnxL q
++

−
=

−
=

−→ yξ
ξξξξξϕ

ξ
, 

∫∫
−− +

+
+
−+

=
1

1
2

0,4
6

1

1
26

60,4
6

2
1

4
12

1
0,4

6 )1(
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξϕ
dLdJ

r
rLnx

nJ q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
6

2
4

2
2

4,0
6 )(

),(
)()()(

)( ξξ
ξ

ξξξϕ
dJ

r
nx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =   

( )32,0
2

2
2

2,0
1

2
12

42,0
1

1
1

0
1

6

2
2

6
20

1

4,0
6

))((4
),(

)1)(()()()(
lim

nxnxS

lxx
r

Jnx
L q

++

−
=

−
=

−→ yξ
ξξξξξϕ

ξ
, 

∫∫
−− +

+
+
−+

=
1

1
2

4,0
6

1

1
26

64,0
6

2
2

4
20

2
4,0

6 )1(
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξϕ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  

32,0

42
2

0
2

2
1

0
1

4

2
1

2
11

0

4,0
6 )(

))((2
),(

)()()()(
lim

S
xxxx

r
Jnx

L q

−−
==

→ yξ
ξξξξξϕ

ξ
, 

∫∫
−−

+
−

=
1

1
2

4,0
6

1

1
26

64,0
6

2
2

4
21

2
4,0

6
1)(

),(
),()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξϕ
dLdJ

r
rLnx

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   

( )32,0
2

2
2

2,0
1

2
12

42,0
2

1
1

2
1

6

2
2

4
22

1

4,0
6

))((4
),(

)1)(()()()(lim
nxnxS

lxx
r

JnxL q
++

−
=

−
=

−→ yξ
ξξξξξϕ

ξ
, 
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∫∫
−− +

+
+
−+

=
1

1
2

4,0
6

1

1
26

64,0
6

2
2

4
22

2
4,0

6 )1(
1)(

)1(),(
),()1)(()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξϕ
dLdJ

r
rLnx

nJ q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
6

12
3

1
1

1,3
6 )(

),(
)()()()(

)( ξξ
ξ

ξξξξϕ
dJ

r
nxx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =   

( )32,0
2

2
2

2,0
1

2
12

2,0
2

32,0
1

1
2

0
2

6

2
12

3
10

1

1,3
6

))((4
),(

)1)(()()()()(
lim

nxnxS

llxx
r

Jnxx
L q

++

−
−=

−
=

−→ yξ
ξξξξξξϕ

ξ
, 

∫∫
−− +

+
+

−+
=

1

1
2

1,3
6

1

1
26

61,3
6

2
12

3
10

1
1,3

6 )1(
1)(

)1(),(
),()1)(()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  

32,0

22
2

0
2

32
1

0
1

6

2
12

3
11

0

1,3
6 )(

)()(2
),(

)()()()()(
lim

S
xxxx

r
Jnxx

L q

−−
−==

→ yξ
ξξξξξξϕ

ξ
, 

∫∫
−−

+
−

=
1

1
2

1,3
6

1

1
26

61,3
6

2
12

3
11

1
1,3

6
1)(

),(
),()()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   

( )32,0
2

2
2

2,0
1

2
12

2,0
2

32,0
1

1
2

2
2

6

2
12

3
12

1

1,3
6

))((4
),(

)1)(()()()()(lim
nxnxS

llxx
r

JnxxL q
++

−
=

−
=

−→ yξ
ξξξξξξϕ

ξ
, 

∫∫
−− +

+
+

−+
=

1

1
2

1,3
6

1

1
26

61,3
6

2
12

3
12

1
1,3

6 )1(
1)(

)1(),(
),()1)(()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
6

22
3

1
2

1,3
6 )(

),(
)()()()(

)( ξξ
ξ

ξξξξϕ
dJ

r
nxx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =   

( )32,0
2

2
2

2,0
1

2
12

2,0
2

32,0
1

1
1

0
1

6

2
22

3
10

1

1,3
6

))((4
),(

)1)(()()()()(
lim

nxnxS

llxx
r

Jnxx
L q

++

−
=

−
=

−→ yξ
ξξξξξξϕ

ξ
, 

∫∫
−− +

+
+

−+
=

1

1
2

1,3
6

1

1
26

61,3
6

2
22

3
10

2
1,3

6 )1(
1)(

)1(),(
),()1)(()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  

32,0

2
2

0
2

42
1

0
1

6

2
22

3
11

0

1,3
6 )(

)()(2
),(

)()()()()(
lim

S
xxxx

r
Jnxx

L q

−−
==

→ yξ
ξξξξξξϕ

ξ
, 

∫∫
−−

+
−

=
1

1
2

1,3
6

1

1
26

61,3
6

2
22

3
11

1
1,3

6
1)(

),(
),()()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 
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Node  2=q and 2
1

2
1 xy =   

( )32,0
2

2
2

2,0
1

2
12

2,0
2

32,0
1

1
1

2
1

6

2
22

3
12

1

1,3
6

))((4
),(

)1)(()()()()(lim
nxnxS

llxx
r

JnxxL q
++

−
−=

−
=

−→ yξ
ξξξξξξϕ

ξ
, 

∫∫
−− +

+
+

−+
=

1

1
2

1,3
6

1

1
26

61,3
6

2
22

3
12

2
1,3

6 )1(
1)(

)1(),(
),()1)(()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
6

1
2

2
2

1
1

2,2
6 )(

),(
)()()()(

)( ξξ
ξ

ξξξξϕ
dJ

r
nxx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =   

( )32,0
2

2
2

2,0
1

2
12

22,0
2

22,0
1

1
2

0
2

6

2
1

2
2

2
10

1

2,2
6

)())((4
),(

)1)(()()()()(
lim

nxnxS

llxx
r

Jnxx
L q

++

−
−=

−
=

−→ yξ
ξξξξξξϕ

ξ
, 

∫∫
−− +

+
+

−+
=

1

1
2

2,2
6

1

1
26

62,2
6

2
1

2
2

2
10

1
2,2

6 )1(
1)(

)1(),(
),()1)(()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  

32,0

32
2

0
2

22
1

0
1

6

2
1

2
2

2
11

0

2,2
6 )(

)()(2
),(

)()()()()(
lim

S
xxxx

r
Jnxx

L q

−−
−==

→ yξ
ξξξξξξϕ

ξ
, 

∫∫
−−

+
−

=
1

1
2

2,2
6

1

1
26

62,2
6

2
1

2
2

2
11

1
2,2

6
1)(

),(
),()()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

Node  2=q and 2
1

2
1 xy =   

( )32,0
2

2
2

2,0
1

2
12

22,0
2

22,0
1

1
2

2
2

6

2
1

2
2

2
12

1

2,2
6

)())((4
),(

)1)(()()()()(lim
nxnxS

llxx
r

JnxxL q
++

−
=

−
=

−→ yξ
ξξξξξξϕ

ξ
, 

∫∫
−− +

+
+

−+
=

1

1
2

2,2
6

1

1
26

62,2
6

2
1

2
2

2
12

1
2,2

6 )1(
1)(

)1(),(
),()1)(()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

 

Integral of the type ∫
−

=
1

1
6

2
2

2
2

1
2

2,2
6 )(

),(
)()()()(

)( ξξ
ξ

ξξξξϕ
dJ

r
nxx

nJ q
q

y
 

Node  0=q and 0
1

0
1 xy =   

( )32,0
2

2
2

2,0
1

2
12

22,0
2

22,0
1

1
1

0
1

6

2
2

2
2

2
10

1

2,2
6

)())((4
),(

)1)(()()()()(
lim

nxnxS

llxx
r

Jnxx
L q

++

−
=

−
=

−→ yξ
ξξξξξξϕ

ξ
 , 

∫∫
−− +

+
+

−+
=

1

1
2

2,2
6

1

1
26

62,2
6

2
2

2
2

2
10

2
2,2

6 )1(
1)(

)1(),(
),()1)(()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

Node  1=q and 1
1

1
1 xy =  

V.V. Zozulya / Electronic Journal of Boundary Elements, Vol. 7, No. 2, pp. 50-88 (2009)

86



32,0

22
2

0
2

32
1

0
1

6

2
2

2
2

2
11

0

2,2
6 )(

)()(2
),(

)()()()()(
lim

S
xxxx

r
Jnxx

L q

−−
==

→ yξ
ξξξξξξϕ

ξ
, 

∫∫
−−

+
−

=
1

1
2

2,2
6

1

1
26

62,2
6

2
2

2
2

2
11

2
2,2

6
1)(

),(
),()()()()(

)( ξ
ξ

ξξ
ξξ

ξξξξξξϕ
dLdJ

r
rLnxx

nJ q

q

y
y

. 

Node  2=q and 2
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