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Abstract

Basic equations with detailed derivation for the two-dimensional static fundamen-
tal solutions are presented for the general anisotropic solids. The displacement,
stress and traction solutions for the line force and dislocation fundamental solu-
tions are given along with FORTRAN 90 computer codes.

1 Introduction

Two-dimensional fundamental solutions for the general anisotropic elastic solids,
defined by 21 elastic constants, are derived. The generalized plane strain is
assumed. After a short review of Stroh’s complex variable formalism for 2D
anisotropic elasticity (Stroh [1, 2], Ting [3], Suo [4] and Ni and Nemat-Nasser
[5]) the fundamental solutions for the line force and line dislocation are derived
following Denda [6] and Denda and Marante [7]. The explicit form of the funda-
mental solutions are given for the displacement, traction and stress components for
the line force and dislocation. Brief description of the downloadable FORTRAN
90 codes is given.

2 Basic Equations

For the generalized plane strain anisotropic elasticity problems considered the
displacement u = {uy,uz,u3}? depends only on two coordinates x; and 3. This
is the case if the geometry and the loading do not vary in the zs-axis (i.e., out-of-
plane) direction. If the anisotropic material has a symmetry plane parallel to the
x122-plane, then the in-plane (u; and wus) and the out-of-plane (us) deformations
become uncoupled. Otherwise, full coupling exists between two deformations.
The latter is assumed in this paper including the former as a special case. The
equilibrium equation, in the absence of the body force, is given in a vector form
by
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where 1 = {011,012,013}7 and oy = {021, 092,023} are the stress vectors. In
describing the field variables we replace a pair of suffices ij by a single suffix M
following the convention (11 — 1), (22 — 2), (33 — 3), (23 — 4), (31 — 5,)
(12 — 6). The non zero strain components are given by
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The strain-stress relations are given by

6

EM = ZSMN ON (MvN = 1327475a6)7 (3)
N=1

where Sy;n is the reduced compliance defined by
Smn = suN — (sm3 s3n)/s33 (M,N =1,2,4.5,6) (4)

in terms of the compliance s;; (4,7 = 1,2,3,4,5,6). In this paper no summation
convention is used for repeated indices unless mentioned otherwise. The compati-
bility equations are given by
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If we introduce a real-valued stress function vector ¢ = {¢1, ¢2, 3} such that

09 _9¢
(971'27 g2 = 65617 (6)

then the equilibrium equation (1) is automatically satisfied.

Lekhnitskii [8] and Eshelby et al. [9] have shown that the solution of the
generalized plane strain problem can be represented by three functions fi(z1),
f2(z2), f3(z3), each of which is analytic in its argument z, = x1+pyx2. Here p, are
three distinct complex numbers: roots of the sixth-order polynomial characteristic
equation (7). The arguments z, = 21 +pax2(a = 1,2, 3) are called the generalized
complex variables. Lekhnitskii [8] has assumed the stress function vector of the
form

g1 =

¢ =1f(x1 + pxa),

where 1 = {L1, Lo, L3}T, which is substituted in the compatibility equations (5).
This results in the sixth-order characteristic equation in p

dW(p) 4 (p) — d¥ (p) d®(p) = 0, (7)

where
d (p) = p*S11 — 2p*S16 + p* (2512 + Se6) — 2pSa26 + So,
d®) (p) = p*S15 — p*(S1a + Ss6) + p(Sas + Su6) — Sau,
d®) (p) = p*Ss5 — 2pSus + Sua-

Lekhnitskii [8] has shown that (7) has no real roots and has three pairs of conjugate
complex roots pi, Dy, P2, Da, D3, Ds- The imaginary part of p, (o = 1,2,3) is
assumed, without loss of generality, positive. It is also assumed that the three

roots p1 , pa2, p3 are distinct. In the numerical treatment the coincident roots can
be made distinct by slightly perturbing compliance coefficients. The matrix

—p1Lo1r  —palos —pslzlss
L=[,l513]= Loy Lo» l3L33 ) (8)
liLoy loLay L3
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where ) )
d (pa> d (p?))
lo=—-—%— (=12 ls = ———%, 9
"= @) VB @ () ©)
is obtained from the compatibility equations. The subsequent integration of the
strain components, to get the displacement components, introduces the matrix

A= [a17a27a3} ) (10)
with
Ata 816 — S11Pas S12, S14 — S15Pa L,
_ _ 826 —S21Pa s 824 —S25Pa
Ay = A2a - Do I fa P L2a . (11)
Asa 556 — S51Pas 552, 554 — S55Da L3a

Eshelby et al. [9] have assumed the displacement vector of the form u =
af(zy + pra), where a = {A;, Ay, A3}T, which is substituted in the equilibrium
equation (1) written in terms of the displacement. This leads to another sixth-
order polynomial characteristic equation. These two approaches are equivalent.
For the BEM formulation Denda [6] and Denda and Marante [7] have adopted
Lekhnitskii’s approach which gives the explicit expression for the elements of the
A matrix in terms of those of L matrix. Notice that L and A given above include
the case when the in-plane and out-of-plane deformations are decoupled. In this
case (814 — S15 — S24 — 825 — S46 — S5 — 0) we have

—p1La1 —p2Llax 0O

L= Loy Lo 0 ; (12)
0 0 L33
and
(s11p12 — p1si6 + s12)La1  (s11p2? — p2sie + s12)Lao 0
A= (821]91 — S26 + %)Lzl (821]92 — So6 + %)LQQ 0
0 0 (854 — 855p3) L33
(13)

Note that for each characteristic root p, we can determine vectors 1, and a, up
to an arbitrary multiplying factor. The solution may be normalized by setting

Loy =Ly =1L33=1 (14)

in (8) and (12). The alternative normalization, adopted in this paper, is based on
the relations [1, 2]

25 LiAn 0 0
LTA+ATL = 0 2570 | LinA 0 ;
0 0 2 Zle LizAiz
LTA+ATL = o, (15)
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where 0 is the 3 x 3 zero matrix and a bar and the superscript 7" indicate the com-
plex conjugate and the transpose, respectively. The normalization is introduced
by setting

3
2> LicAia=1 (a=1,2,3). (16)
=1
This gives the orthogonality relations
LTA+ATL = I=LTA+A'L
LTA+A"L = 0=LTA +A"L, (17)

where I is the 3 x 3 identity matrix. A through investigation on these matrices, 4;4
and L;q, has been given by Stroh [1, 2], Ting [3], Suo [4] and Ni and Nemat-Nasser
[5].

Using A;o and L;, we can represent the displacement u;, stress o;; and the
stress function ¢; in the form

3 3
wi(z) = 2R|Y Amfa<za>] . di(z) = 2R [Z mea(za)]
3 3
o2i(2) = 2N lz mela(za)] ) o1i(z) = —2R lz Lz‘apaf/a(za)] (18)

where ()’ indicates the derivative with respect to the argument of the function
and R is the real part of a complex variable.

3 Fundamental Solutions

3.1 Derivation

Consider a point force and a dislocation of magnitudes r = {r1,79,73}7 and b =
{b1, b, b3}, respectively located at & = 7y + in2 in the z-plane and introduce an
arbitrary circuit I' around &, which induces an additional circuit ', in each of the
zq-plane as shown in Figure 1. We determine the complex potential function vector
{f1(21), f2(22), f3(23)}T, such that the force resultant and the displacement jump
around the circuit I' are —r and b, respectively. First notice that the resultant
force is obtained by integrating the traction t; around the circuit to get

Ty = /tdeZ/Ujknde:/(O’lknl—FO'ang)dS
r r r
_ 0¢r \ dxo Oy \ dxq
B /F{<8x2> ds +(8x1> ds}ds

- [(/bk]f ) (19)
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Figure 1: Physical (z) and mapped (zo;a = 1,2, 3) planes. The source point & is
mapped to &,. Images €2 (a = 1,2,3) of the branch line point £° are used to define
the branch cuts of log(z, — &) in the mapped planes.

where the circuit starts at I and ends at F' = I. Since the logarithmic function is
the only possible function that satisfies the force resultant and displacement jump
along the prescribed circuit 'y, in the z,-plane, let

Ca

a(2a) = 5= In(za — &a =1,2,3), 20
fala) = 5o Mn(z0 —€)  (a=1,23) (20)
where £, = 11 4+ pan2 and Cy, is determined below. Note that there is no sum on
a. Substituting the complex potential function vector (20) into the displacement

and stress function equations (18) we arrive at,

3
Co
(bk - 2%0;1-[%(1%11’1(204_5&)7
2 C
T 2%;Aka%1n(za—£a). (21)

Calculate the force resultant and the displacement jump around the circuit I" and
set them to —r and b, respectively, to get

[Lkaca =+ Zkaéa] )

3
=1

3 F
—r, = —2R [Zmea(za)] = 2R
I

a=1

3
Z Lkaca
a=1

[e3%
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b, = —2%

3
[Lkaca + fkaéa} a(22)

3
Z Akaca
a=1

a=1 a=1

3 F
ZAkafa(Za)] =2R
I

the component for of which is given by

A A Az An A A ] (G b1

Ao1 A Asz Ax Asp Axs Cs by

As1 Asp Az Az Asp Asg Cs | _ ] bs (23)

Lin Ly Lis Lu Lz Lig Ch re

Loy Lap Log Lot Lap Lo Cs 2

L3i Lz Lzz Lz Lz Lzz | | Cs 3
Pre-multiplying the left and right sides of equation (23) by the matrix shown below
to get )

LT AT |TA A]fC LT AT b

fT KT {L L}{C}: fT KT {r}’ (24)

the expansion of which gives

LTA+ATL LTA+ATL | Cc | _ [ L™ +ATr (25)
L'A+A'L TA+AL |1 C/ | T'b+A'r |

Since the matrix in the left hand side of (25) is a unit matrix, due to the orthog-
onality relations (17), this equation can be readily solved to get

N

Ca = (Lkabk + Aka’l"k;) (a = 1; 27 3)7 (26)

x>~
Il

1

which can be substituted into (20) to obtain

3
falza) = % (20 — €0) S (Dkabi + Agars) (@ =1,2,3).  (27)
k=1

It should be noted that there is no sum on a.
The displacement and stress contributions due to the line force and line dislo-
cation are given by substituting (27) into (18) to get

3 3
ui(z) =R {7:2 > Aia (20 — &) > (Liabi + Akoﬂ"k)} (28)
a=1 =

k=1

and

3 3
1 1
0'11'(2') = _%{TFZ ZpaLza ﬁ Z(Lkabk + Akark)} )

a=1 k=1
1< R
O’Qi(z) = R {m Z Lia ﬁ Z(Lkabk + Akark)} . (29)
a=1 o @ k=1
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The traction contribution is calculated by the stress formulas in (29) and the
relation t; = o;;n; to get

3

1 R
a=1 « * k=1

3.2 Explicit Formulas
3.2.1 Line Force

Consider a line force in xy direction applied at (n1,72). The the displacement
component in the z; direction at (z1,z2), denoted by Gix(z1,x2;11,72), is given
from (28) by

3
1

Gir(r1,22;m1,72) = S= Y AiaApa (20 — &a), (31)
s

a=1
where & indicates the imaginary part. The traction component in the x; direction
at (z1,x2), denoted by H;(x1,z2;11,12), is given from (30) by
1

P (32)

3
.
Hig (1, 23 m1,m2) = S— Z —pan1 + n2) Lia Aka
7T a=1

The corresponding stress component o;; at (1, z2) is denoted by Sk (21, T2; 11, 72)
and given, from (29), by

1 1
Slik(z) = ;% {ZpaszAkoz — é. } 5

a=1

3
%{ZLMA,M - ig } (33)
a=1 « «

Soik(z) =

3=

3.2.2 Line Dislocation

Consider a line dislocation at (71, 72) with the unit Burgers vector in ) direction.
The resulting displacement component in the z; direction at (z1,z2), denoted by
Pig(z1,22;m,72), is given from (28) by

3
1
P y L2511, =3— AjaLpa 1 a — Sa)- 34
k(21 223m1,12) \Sﬂz ka In(z £a) (34)

a=1

The traction component in the x; direction at (z1, z2), denoted by Q. (1, x2; 71, 12),
is given from (30) by

1

o (35)

3
1

Qik (1, 22;5m1,1m2) = = E Pani + N2)Lio Lo
ﬂ— a=1



M. Denda/ Electronic Journa of Boundary Elements, Vol. 3, No. 1, pp. 14-24 (2005)

The corresponding stress component o;; at (x1, x2) is denoted by T; ;5 (1, T2; 91, 72)
and given, from (29), by

Tyip(21, w25m1,m2) = —

3
1
%{ZpaLiaLka . _f }a

a=1

3
S {Zj LioLta zaiga} | (36)

1

3=

Toir (1, 225m1,m2) =

3 |-

4 Computer Codes

Variables used by the line force and dislocation are listed in Table 1. Subroutines
for the line force and line dislocation are listed in Tables 2 and 3. FORTRAN 90
codes and sample input/output files accompany this paper.

4.1 Normalization used

A dimensional quantity ¢ is normalized by its reference value gy to define its
normalization § = ¢q/qo. We select the reference values for the stress and strain
to be og = 108 (N/m?) and €y = 1073, Other reference values are determined
such that the normalized governing equations remain exactly the same form as
the original equations. These are so = 107! (m?/N) for the compliance and
ug = €gxg (m) for the displacement, where ¢ is the characteristic length of the
problem. All variables in the codes are normalized and they have magnitudes of
order one. To recover the dimensional quantities just multiply the numerical results
by the reference values. For example, G = e (P, = uopik), Hi = ooHk
(Qix = 00Qix) and Sy, = 00Soik (Toix = JOTOM), where quantities with tildes (7)
are numerical values obtained by the codes.

4.2 Branch of logarithmic functions

For the line dislocation, the branch line of In(z—¢) (in the physical plane) coincides
with the slip line, which is assumed to be straight. Given the dislocation at the
source point £ (in the physical plane), the straight slip line is defined by specifying
another arbitrary point, £° (called the branch line point), on this line as shown
in Figure 1. The slip line is given by a line emanating from £ and extending to
and past £°. The logarithmic function In(z, — &) in each of the mapped z,-plane
(a=1,2,3) is defined as follows. First, get the image, £2, of the branch line point
€% (Figure 1). Next, calculate the principal value argument of £ — &,, which is a
line from the source &, to the branch line point £ in the mapped z,-plane. Set
this value as the maximum, upang(ia), of the angular range so that

upang(ia) — 7 < arg(za — &) < upang(ia), (37)
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where the minimum is given by upang(ia)—m. For the line force we use the principal
value of the logarithm so that upang(ia) is always set to = and it is not necessary
to specify £°.

4.3 Tips

e For materials, such as isotropic solids, the characteristic roots are not dis-
tinct. Modify the compliance coefficients slightly to make these roots dis-
tinct.

e Use the compliance with the original dimension. The code will divide them
by 1071tm? /N for normalization so that the actual values used in computa-
tion is of the order of one.

e Subroutine CHARACEQN uses MSIMSL (IMSL for COMPAC FORTRAN) to
get characteristic roots of polynomial equations. Use other polynomial roots
solver subroutine if MSIMSL is not available and please send the subroutine
to the author (denda@jove.rutgers.edu) for future revision.
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Variable Type Dimension Description
t real (21) 3D compliance
z real (2) observation point
n real (2) unit normal
Xi real (2) source point
xi0 real (2) branch cut point*
s real (15) reduced compliance
p complex (3) characteristic roots
a complex (3,3) A matrix
[ complex (3,3) L matrix
za complex (3) Za
xia complex (3) a
upang real (3) upper angles of logarithmic functions*
g real (3,3) Gir (Pyy for line dislocation)
h real (3,3) Hir (Qqr for line dislocation)
stress real (2,3,3) Soit (Toix for line dislocation)

Table 1: FORTRAN variables used for line force and dislocation. Double precision
is used for real and complex. *Line force subroutines do not use xio and upang.

Argument
Subroutine In Out Description
Input t, z, n, Xi Input 3D compliance &
source/observation points data
REDCOMPLIANCE t s Reduced compliance
CHARACEQN s p Characteristic roots
LACOEF S, p |, a L and A matrices
GENCOMPVAR z, xi, p za, xia Generalized complex variables
GMAT za, xia, a, | g Gik
HMAT za, n, xia, a, |, p h H;
SMAT za, xia, a, | stress Soik
WriteGHS g, h, stress Write results

Table 2: Subroutines for the line force.
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Argument
Subroutine In Out Description
Input t, z, n, xi, xi0 Input 3D compliance &
source/observation points data
REDCOMPLIANCE t Reduced compliance
CHARACEQN s p Characteristic roots
LACOEF S, p |, a L and A matrices
GENCOMPVAR z, xi, xi0, p za, xia, upang | Generalized complex variables
PMAT za, xia, upang, a, | g P;
QMAT za, n, xia, a, I, p h Qik
TMAT za, xia, a, | stress Toik
WriteGHS g, h, stress Write results

Table 3: Subroutines for line dislocation.
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