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Abstract

In this paper a new general algorithm is presented for thedirect evaluation of all sin-
gular double integrals arising in the 2D Galerkin BEM, including those with hypersin-
gular kernels. A distinguishing feature of the proposed method is that double singular
integrals are treated as a whole, that is not as inner integrals followed by outer ones.
Therefore, when applied to the symmetric Galerkin BEM, the proposed technique is
strictly symmetry preserving. Moreover, a careful analysis of the limiting process is
performed which shows that some new free terms may arise.

1 Introduction

Frank Rizzo in his seminal paper [1], published in 1967, was already well aware of the
relevance of strongly singular integrals in BEM. However he probably did not expect
that the treatment of strongly singular, and later of hypersingular integrals, could give
rise to so many techniques and ideas.

Among others, thedirect approach[2]–[7] for the evaluation of element integrals
arising from the discretization of strongly singular and hypersingular boundary integral
equations is now well established for the collocation BEM and widely used. Initially
it was developed for strongly singular integrals [2, 3]. Its extension to hypersingular
integrals was first published in [4], a paper originated at Iowa State University under
the supervision of Frank Rizzo.

In this paper we will briefly report about the extension of the direct approach to the
symmetric Galerkin BEM (SGBEM). A complete treatment can be found in the recent
paper [8].

When SGBEM was first formulated [9, 10] very little attention was paid to the
limiting process which has necessarily to be performed to obtain aboundaryintegral
equation (BIE) with singular kernels. Since then the treatment of singular integrals in
SGBEM has received considerable attention.

In most cases the basic idea has been to reduce the order of singularity of the
kernel functions thus making the limiting process trivial. In [11] simple solutions were
employed, whereas in [12] a procedure based on Stokes theorem (or integration by
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parts in 2D, as in [13, 14]) was developed. Regularization via integration by parts has
been also presented in [15] for Kirchhoff plates. Another approach for the evaluation
of singular integrals, often calledlimit to the boundary, was presented for SGBEM by
Balakrishna et al. in [16, 17]. Recent developments on this technique can be found
in [18]. SGBEM formulations based on the so called finite part integrals have been
also developed. In [19, 20] they are evaluated numerically, while in [21] an analytical
evaluation is pursued.

A method specifically designed to compute integrals with strongly singular kernels
for the (unsymmetric) Galerkin BEM in 3D originated in [22] and was enhanced in
[23]. It takes advantage of certain symmetry property exhibited by all Cauchy sin-
gular kernel functions, even when mapped onto the parameter space. To apply it in
the SGBEM, that is to hypersingular kernels, an analytic regularization is therefore
necessary, as shown in [26] and [27], where simple solutions and Stokes theorem are
employed, respectively.

The present paper deals with the extension of the direct approach tohypersingular
boundary integral equations inweightedform, like those arising in the SGBEM. The
extension is by no means trivial since the Galerkin BEM involves double element inte-
grals. The algorithm presented here deals with both the coincident and adjacent cases,
for 2D problems. Indeed it appears that they must be considered together to allow
cancellation of potentially unbounded terms.

Double integrals are considered as a whole (i.e. not as inner singular integrals fol-
lowed by outer nonsingular ones, like e.g. in Ref. [26]) through the introduction of
suitable coordinate transformations in the two-dimensional space of intrinsic coordi-
nates. The proposed algorithm is in particular applicable to the symmetric Galerkin
BEM (SGBEM) and is devised so as to define in that case aperfectly symmetric inte-
gration procedure, even when the numerical quadrature is not exact.

In line with previous works on the direct approach, the limiting form of the weighted
integral identity must be derived as a small neighborhood of the singular point vanishes,
and this is done, again, after discretization. (Of course, the finite part of divergent inte-
grals is never employed.)

It is also shown that anew kind of finite free terms arises. It should be noted that,
like in the collocation BEM, these free terms are related to the way the limiting process
is performed, not to the algorithm eventually adopted for the evaluation of singular
integrals. In the present case the limit is carried out on theweightedintegral identity.
Apparently, an analysis of the free terms arising in the SGBEM based on the vanishing
exclusion neighbourhood was so far missing.

2 Weighted integral statements

We deal with two-dimensional problems associated with linear homogeneous elliptic
field equations, among which the Laplace equation∇2ϕ = 0 is the simplest and most
common. LetΩ be a 2D bounded domain with boundaryΓ = ∂Ω (possibly with a
finite number of corners). Byn(x) andt(x) we indicate, respectively, the normal and
tangent unit vectors at the generic pointx ∈ Γ (Figure 1). Cartesian coordinates are
used relative to an orthonormal frame(e1, e2), so that e.g.x = xiei. The starting
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Figure 1: Exclusion of the singular pointy by a vanishing neighbourhoodvε.

statement is the classical 3rd Green identity for the density functionϕ and its nor-
mal derivativeq = ∂ϕ/∂n on the punctured domainΩε = Ω − vε, with boundary
Γ− eε + sε (Figure 1)

∫

Γ−eε+sε

[
T (y, x)ϕ(x)−G(y, x)q(x)

]
dsx = 0, (1)

wherey ∈ Γ is the singular point,G(y, x) is a fundamental solution and

T (y, x) =
∂G(y, x)
∂n(x)

=
∂G(y, x)

∂xj
nj(x) (2)

As usual,ε > 0 is afixedlength that controls the size ofvε and hence ofsε andeε.
If we differentiateG andT with respect to any Cartesian coordinateyi of the sin-

gular point and multiply byni(y), we obtain a new pair of (more singular) kernel
functions

∂G(y, x)
∂yi

ni(y) = W (y, x) = T (x, y),

∂T (y, x)
∂yi

ni(y) = V (y, x) = Vij(y, x)ni(y)nj(x),
(3)

which can be combined, exactly like in equation (1), in ahypersingular boundary
integral identity

∫

Γ−eε+sε

[
V (y,x)ϕ(x)−W (y, x)q(x)

]
dsx = 0. (4)

It should be noted that for the normaln(y) to be uniquely defined, the boundaryΓ at
y must be smooth, but this is standard in the Galerkin BEM sincey is always located
within a boundary element, even whenΓ has corners.

It is useful to recall that the fundamental solutions are singular aty = x

G(y,x) = O(ln r) T (y,x) = O(r−1)
W (y,x) = O(r−1) V (y,x) = O(r−2)

(5)
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(wherer = x− y andr = |r|), and that they possess the following symmetry proper-
ties:

G(y, x) = G(x, y) T (y, x) = W (x, y) V (y,x) = V (x, y) (6)

In this paper, the hypersingular kernelVij(y, x) is assumed to have the following, quite
general, form:

Vij(y,x) = Vij(e, r,y) =
1
r2
Vij(e, r,y) (y 6= x) (7)

whereVij is bounded in the limiting casex = y, i.e. r = 0, and the unit vectore
is defined asr/r. In addition, the symmetry property (6) implies that the nonsingular
factorVij(e, r,y) must satisfy:

Vij(e, r,y) = Vji(−e, r,x) (8)

The nonsingular factorVij is bounded atx = y. If y lies within a region having
homogeneous constitutive property, the singular behavior is that of the full-space fun-
damental solution, e.g.

Vij(e, 0, y) =
1
2π

[δij − 2eiej ] (9)

for the Laplace equation.
To facilitate generalizations (e.g. to anisotropic media and elasticity), the nonsin-

gular factor is assumed in this paper to fulfill the requirement

∂

∂r
Vij(e, r,y)

∣∣∣
r=0

= 0 (10)

Let ψ(y) be a function defined onΓ. Beforetaking the limit forε → 0, we can
useψ(y) to weigh the former integral identities (1) and (4) as typically done in the
Galerkin BEM. For the hypersingular identity (4) we have∫

Γ

ψ(y)
{∫

Γ−eε+sε

[
V (y, x)ϕ(x)−W (y, x)q(x)

]
dsx

}
dsy = 0, (11)

or
∫

Γ

ψ(y)
{∫

Γ−eε

[
V (y, x)ϕ(x)−W (y, x)q(x)

]
dsx

+
∫

sε

[
V (y,x)ϕ(x)−W (y, x)q(x)

]
dsx

}
dsy = 0. (12)

This kind of weighted hypersingular integral identities are useful, for instance, in the
symmetric Galerkin BEM. As it will be shown, the algorithm will be developed consis-
tently with the assumption that the external integration precedes the limiting process.

As customary, the density functionϕ is assumed to beC(1,α) aty, that is

ϕ(x) = ϕ(y) + ∇ϕ(y).(x− y) + O(r1+α),

∇ϕ(x) = ∇ϕ(y) + O(rα),
(α > 0) (13)
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Through the usual addition and subtraction of the above expansions in the integral on
sε and rearranging terms in the integral identity (12) we obtain

0 =
∫

Γ

ψ(y)
{∫

Γ−eε

[
V (y,x)ϕ(x)−W (y, x)q(x)

]
dsx + ϕ(y)

∫

sε

V (y,x) dsx

+ ∇ϕ(y) ·
[∫

sε

{
(x− y)V (y, x)− n(x)W (y,x)

}
dsx

]

+
∫

sε

V (y,x)
[
ϕ(x)− ϕ(y)−∇ϕ(y) · (x− y)

]
dsx

−
∫

sε

W (y, x)
[∇ϕ(x)−∇ϕ(y)

] · n(x) dsx

}
dsy (14)

which is more suitable for the subsequent direct evaluation of singular integrals and for
the computation of free terms.

We seek the limiting form of the weighted equation (14) asε → 0. In principle
any shape may be used forvε, since the overall result will not depend on this shape.
Like for the direct approach in collocation BEM, selecting a circular shape is found to
facilitate the analysis and is therefore assumed in the remainder of this paper.

The last two integrals onsε in equation (14) areO(εα) by virtue of assumption (13)
and thus vanish in the limit forε → 0. As it will be shown in Section 6, the first integral
onsε in equation (14) gives rise to an unboundedO(ε−1) term and, when integrated in
the Galerkin BEM, a (somewhat unexpected) bounded free term. The second integral
onsε in (14) yields a bounded free termc(y) in the limit for ε → 0

c(y) = lim
ε→0

∫

sε

{
(x− y)V (y, x)− n(x)W (y,x)

}
dsx (15)

which occurs also in the direct approach for the collocation BEM in the hypersingular
case, see e.g. [5].

Taking into account the above remarks in (14), the direct Galerkin BEM formula-
tion with hypersingular kernels (like required in the SGBEM) is sought as the limiting
form asε → 0 of the weighted identity

0 =
∫

Γ

ψ(y)
{

∇ϕ(y) · c(y) + ϕ(y)
∫

sε

V (y,x) dsx

+
∫

Γ−eε

{
V (y,x)ϕ(x)−W (y, x)q(x)

}
dsx

}
dsy + O(ε) (16)

whereO(ε) accounts for all vanishing contributions. It should be noted that within
curly braces we have precisely the hypersingular boundary integral equation as ob-
tained for the collocation BEM in [4, 5, 6], although now the limiting process will wait
till after the outer integration is performed. Moreover, theC1,α smoothness assumption
for ϕ, a standard requirement for the hypersingular collocation BEM, is invoked here
mainly to dispose easily of some of the integrals oversε. Indeed, as a result of the anal-
ysis conducted in the following sections, the limiting form asε → 0 of the weighted
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identity (16) will appear to require only the weakerC0,α smoothness assumption for
ϕ, which is consistent with other published treatments of the SGBEM.

Up to this point everything is pretty classical. New ideas are introduced in the
next sections, towards the goal of developing a technique for thedirect evaluation of
singulardoubleintegrals, along with further treatment of thefree terms.

3 Double integration: preliminary definitions

Let the boundaryΓ be modeled by (curvilinear) boundary elements and lety ∈ E and
x ∈ E′, with E andE′ being two such boundary elements. Obviously, this implies
thatΓ is smooth within each element.

In the Galerkin BEM (regardless of its symmetry) we have to deal with double
integrals on Cartesian productsE × E′ of elements. Typically, the weight functionψ
has limited support andE belongs to it. If the two elements aredisjoint, that is, do not
share a common endpoint, the double integration

∫

E

∫

E′

{· · ·} dsx dsy (17)

is performed using ordinary means since the integrand is continuous. On the other
hand, singularities in the integrand function arise either when the two elements share
one common endpoint (i.e., they areadjacent), or when they arecoincident(i.e.,E =
E′). In these cases, according to the starting identity (16), the appropriate setting is

∫

E

∫

E′(y,ε)

{· · ·} dsx dsy. (18)

where

E′(y, ε) = {x ∈ E′ : |x− y| ≥ ε, with y ∈ E} = E′ \ eε(y), (19)

In fact, one hasE′(y, ε) = E′ in the disjoint case (17) and for sufficiently smallε,
which is thus included in this setting.

Each geometric boundary element is analytically defined by means of (usually
polynomial) parametric equations. A pointx of E′ is typically given by

x = x(ξ) =
Ne∑
p=1

Np(ξ)x̃p, (20)

whereξ ∈ [−1, 1] is the parameter (or intrinsic) coordinate,Np(ξ) are cardinal shape
functions and̃x are the geometric nodes ofE′. Of course, the use of cardinal shape
function is just a matter of practical convenience. Any set of parametric equations for
x(ξ) would fit the purpose.

We will denote bya(ξ) andt(ξ), respectively, the natural and unit tangent vector
to the elementE′ atx(ξ)

a(ξ) =
dx

dξ
=

Ne∑
p=1

dNp

dξ
(ξ)x̃p, so that t(ξ) =

a(ξ)
|a(ξ)| =

a(ξ)
a(ξ)

, (21)
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and bym(ξ) andn(ξ) the natural and unit normal vectors:

m(ξ) = (e1 ∧ e2) ∧ a(ξ), n(ξ) =
m(ξ)
|m(ξ)| =

m(ξ)
a(ξ)

. (22)

In terms of components ofm anda we have that

m1 = −a2 m2 = a1

Moreover, it should be noted thata(ξ) = |a(ξ)| is the Jacobian. In fact

n(x) dsx = n(ξ)a(ξ) dξ = m(ξ) dξ, (23)

where, for simplicity, we adopted the slightly sloppy notationn(ξ) to meann(x(ξ)).
We also define

b(ξ) =
da

dξ
=

d2x

dξ2
=

Ne∑
p=1

d2Np

dξ2
(ξ)x̃p. (24)

Similarly to equation (20), we have for the singular pointy ∈ E

y = y(η) =
Ne∑
p=1

Np(η)ỹp, (25)

with−1 ≤ η ≤ 1. Obviously,ỹp are the geometric nodes ofE. In general, the distance
vectorr between the pointsx andy is therefore given by

r = x(ξ)− y(η) =
Ne∑
p=1

[
Np(ξ)x̃p −Np(η)ỹp

]
(26)

and has modulusr = |r|.

4 Double integration over coincident elements

Let x andy belong to the same boundary elementE′ = E. We will consider the inte-
gral withhypersingularkernel (the strongly singular one is just simpler). According to
(18) we have

IC =
∫

E

∫

E(y,ε)

Vij(y, x)ni(y)nj(x)ψ(y)ϕ(x) dsx dsy, (27)

whereE(y, ε) is defined by (19) withE′ = E. Expression (26) for the distance vector
r becomes in this case

r = x(ξ)− y(η) =
Ne∑
p=1

[
Np(ξ)−Np(η)

]
ỹp, (28)

and(r = 0) ⇔ (x = y) ⇔ (ξ = η). Therefore, in the parameter space we have to
integrate over the square(η, ξ) ∈ [−1, 1]× [−1, 1] minus a (narrow, non uniform) strip
across theξ = η diagonal, as shown in Figure 2. The strip is the image ofE × eε(y).
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(1)

(2)

η

ξ

Figure 2: Coincident case: integration domain and exclusion vanishing strip in the
parameter space.

4.1 Coordinate transformations and expansions

The double integration (27) will be treated by subdividing the square(η, ξ) ∈ [−1, 1]×
[−1, 1] in the parameter space into two triangular regions, labeled (1) and (2) as shown
in Figure 2. In each region a new pair of coordinates(u, v) will be introduced according
to the following scheme

region (1):

{
η = u− (1 + u)v = η(1)(u, v)
ξ = u + (1− u)v = ξ(1)(u, v)

(29)

region (2):

{
η = u + (1− u)v = η(2)(u, v)
ξ = u− (1 + u)v = ξ(2)(u, v)

(30)

with, in both regions,u ∈ [−1, 1] andv ∈ [0, 1]. In some cases the notationξ(u, v)
andη(u, v) will be used to refer to (29) and (30).

It should be noted that in both cases ifv = 0 we haveξ = η, that is, more precisely

ξ(i)(u, 0) = η(i)(u, 0) = u.

Therefore,v = 0 activates the singularity. Another feature of these coordinate trans-
formations is thatu andv vary betweenfixedvalues, that is the range of variation of
each coordinate does not depend on the other one. Also useful is the relation

dξ dη = 2(1− v) du dv. (31)

In terms of the new coordinatesu and v, the distance vectorr defined in (28)
becomes

r = r(i)(u, v) = x(ξ(i)(u, v))− y(η(i)(u, v))

=
Ne∑
p=1

[
Np(ξ(i)(u, v))−Np(η(i)(u, v))

]
ỹp. (32)
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We are interested in the Taylor expansion of functionsr(i)(u, v) as a function ofv and
nearv = 0. It is a simple matter to obtain from equation (28) the following more
explicit expressions for the derivatives ofr appearing in (35)

∂r(i)

∂v

∣∣∣
v=0

=
[ dx

dξ

∂ξ(i)

∂v
− dy

dη

∂η(i)

∂v

]
v=0

=
Ne∑
p=1

[ dNp

du
(u)(±1− u)− dNp

du
(u)(∓1− u)

]
ỹp

= ±2
Ne∑
p=1

dNp

du
(u)ỹp = ±2a(u), (33)

∂2r(i)

∂v2

∣∣∣
v=0

=
Ne∑
p=1

[ d2Np

du2
(u)(±1− u)2 − d2Np

du2
(u)(∓1− u)2

]
ỹp

= ∓4u

Ne∑
p=1

d2Np

du2
(u)ỹp = ∓4ub(u), (34)

where, sinceu = ξ = η whenv = 0, a andb are precisely the functions defined in
equations (21) and (24) (with justu replacingξ). The Taylor expansion ofr(i)(u, v)
readily follows:

r(i)(u, v) = r(i)(u, 0) +
∂r(i)

∂v

∣∣∣
v=0

v +
1
2

∂2r(i)

∂v2

∣∣∣
v=0

v2 + O(v3)

= 0± 2a(u) v ∓ 2ub(u) v2 + O(v3)

= ±2v
[
a(u)− uvb(u) + O(v2)

]

= vr̂(i)(u, v),

(35)

The last row defines a continuous functionr̂(i)

r̂(i)(u, v) = ±2a(u)∓ 2uvb(u) + O(v2) (36)

with the property that̂r(i)(u, 0) = ±2a(u) 6= 0. Similar definitions (with± or∓) will
be used throughout the paper, where the first sign refers to region (1), and the second
one to region (2) (Figure 2).

Similarly, from (36), the distancer = |r| has, the following Taylor expansion

r =
√

r · r
= 2v

[
a(u)− uv

da

du
(u) + O(v2)

]

= vr̂(u, v), (37)

wherea(u) is defined by (21) and da/du = (a(u) · b(u))/a(u), and having set

r̂(u, v) = |r̂(u, v)| = 2a(u)
[
1− uv

a(u)
da

du
(u) + O(v2)

]
, (38)
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while the unit position vectore is such that:

e(i)(u, v) =
r̂(i)(u, v)
r̂(u, v)

= t(u) + O(v). (39)

The integrand function in equation (27), as a function ofu andv, becomes

Vij(y, x)ni(y)nj(x) ψ(y) ϕ(x) dsx dsy

=
1
r2
Vij(e, r,y) mi(η) mj(ξ)ψ(η) ϕ(ξ) dξ dη

=
1

v2r̂2(u, v)
Vij(e(i)(u, v), r(u, v),y(η(i)(u, v))

×mi(η(i)(u, v)) mj(ξ(i)(u, v)) ψ(η(i)(u, v)) ϕ(ξ(i)(u, v)) 2(1− v) du dv

=
1
v2
F(

ξ(i)(u, v), η(i)(u, v)
)
(1− v) du dv

=
1
v2

F (i)(u, v) du dv. (40)

This expression also defines thenonsingularfunctionsF (i)(u, v) andF(ξ, η) (note
thatF is the same on regions (1) and (2)). Moreover,ψ(η) meansψ(y(η)) andϕ(ξ)
meansϕ(x(ξ)).

The direct algorithm for the evaluation of hypersingular integrals relies on a two-
term Taylor expansion ofF (u, v) aroundv = 0

F (u, v) = F (u, 0) +
∂F

∂v
(u, 0) v + O(v2). (41)

Here, one observes from the definition (40) ofF (u, v) andF(ξ, η) that

F (i)(u, 0) = F(
ξ(i)(u, 0), η(i)(u, 0)

)
= F(u, u)

=
1
2
Vij(t(u), 0,y(u))ni(u)nj(u) ψ(u)ϕ(u) (42)

and also that

∂F (i)

∂v
=

(∂F
∂ξ

∂ξ(i)

∂v
+

∂F
∂η

∂η(i)

∂v

)
(1− v)−F(ξ(i)(u, v), η(i)(u, v))

=
(∂F

∂ξ
(±1− u) +

∂F
∂η

(∓1− u)
)
(1− v)−F(ξ(i)(u, v), η(i)(u, v)),

which means that

∂F (1)

∂v
+

∂F (2)

∂v
= −2u

(∂F
∂ξ

+
∂F
∂η

)
(1− v)− [F(ξ(1), η(1)) + F(ξ(2), η(2))

]
.
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If this expression is evaluated atv = 0, that is atξ = η = u, we obtain

[∂F (1)

∂v
+

∂F (2)

∂v

]
v=0

= −2u
d

du

(F(u, u)
)− 2F(u, u)

= −2
d

du

(
uF(u, u)

)

= −2
d

du

(
uF (u, 0)

)
, (43)

where the last step is based on (42). This expression will later prove very useful.
Once the expansion of the singular integrand function has been obtained, we have

to consider, as usual in the direct approach, the image in the parameter plane of the
exclusion vanishing neighborhoodeε(y) (Figure 1). The boundary ofeε(y) is defined
by the condition

r = |x(ξ(u, v))− y(η(u, v))| = ε. (44)

This condition, together with expansion (37) forr(u, v), leads, on each triangular sub-
region (Figure 2), to

ε = r(u, v) = vr̂(u, v) = 2va(u)
[
1− uv

a(u)
da

du
(u) + O(v2)

]
, (45)

which, upon reversion, defines the function

vε = α(ε, u) =
ε

2a(u)

[
1 +

u

2a2(u)
da

du
(u)ε + O(ε2)

]
, (46)

The functionα(ε, u) provides, for any given values ofu andε, the value ofv corre-
sponding to the boundary of the exclusion strip in Figure 2.

4.2 Double singular integrals in parametric coordinates

According to equations (40) and (46), the hypersingular double integral (27) can now
be expressed in terms of the parametric coordinatesu andv

IC =
∫

E

∫

E(y,ε)

Vij(y, x)ni(y)nj(x) ψ(y) ϕ(x) dsx dsy

=
∫ 1

−1

{∫ 1

α(ε,u)

1
v2

[
F (1)(u, v) + F (2)(u, v)

]
dv

}
du. (47)

It should be observed that this is an exact restatement of the original integral over
E × E(y, ε), with constantε, in terms of a new pair of parametric coordinates. Of
course, care has been taken to preserve the limiting process.

4.3 The direct approach for coincident elements

Following the direct algorithm for the evaluation of hypersingular integrals, the first
two terms of expansion (41) are added and subtracted in (47) thus obtaining

IC = I0 + I1 + I2, (48)
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having put

I0 =
∫ 1

−1

{∫ 1

α(ε,u)

[
F (1)(u, v) + F (2)(u, v)− 2F (u, 0)

−
(∂F (1)

∂v
(u, 0) +

∂F (2)

∂v
(u, 0)

)
v
] dv

v2

}
du

I1 =
∫ 1

−1

(∂F (1)

∂v
(u, 0) +

∂F (2)

∂v
(u, 0)

) ∫ 1

α(ε,u)

dv

v
du

I2 =
∫ 1

−1

2F (u, 0)
∫ 1

α(ε,u)

dv

v2
du,

and whereF (1)(u, 0) = F (2)(u, 0) = F (u, 0).
As typical in the direct approach, the first double integralI0 is now regular for

ε → 0, while the other potentially singular integralsI1 andI2 are trivial functions ofv
and canalways be integrated analytically, yielding

∫ 1

α(ε,u)

dv

v
= − ln |α(ε, u)| = ln |2a(u)| − ln |ε|+ O(ε) (49)

and ∫ 1

α(ε,u)

dv

v2
=

1
α(ε, u)

− 1 =
2a(u)

ε
− u

a(u)
da

du
(u)− 1 + O(ε), (50)

where the final expressions have been obtained simply by inserting expansions (46).
For the treatment ofI0 andI1 we can take advantage of expression (43) for the sum

of the first derivatives ofF . Hence we have forI0

I0 =
∫ 1

0

{∫ 1

−1

[
F (1)(u, v) + F (2)(u, v)− 2F (u, 0)

+ 2
d

du

(
uF (u, 0)

)
v
]

du
} dv

v2
+ O(ε)

=
∫ 1

0

{∫ 1

−1

[
F (1)(u, v) + F (2)(u, v)− 2F (u, 0)

]
du

+ 2
[
F (1, 0) + F (−1, 0)

]
v
} dv

v2
+ O(ε). (51)

Similarly, for I1 (using eqn. (49))

I1 = −2
∫ 1

−1

{ d
du

(
uF (u, 0)

) ∫ 1

α(ε,u)

dv

v

}
du

= 2
∫ 1

−1

{ d
du

(
uF (u, 0)

)}[
ln |ε| − ln |2a(u)|] du + O(ε)

= 2
{

ln ε
[
F (1, 0) + F (−1, 0)

]− F (1, 0) ln(2a(1))− F (−1, 0) ln(2a(−1))
}

+ 2
∫ 1

−1

[
uF (u, 0)

1
a(u)

da

du
(u)

]
du + O(ε). (52)
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As we can see, the final expressions in (51) and (52) do not require the explicit knowl-
edge of the derivatives ofF , but just ofF itself. This confirms what was anticipated in
the comments to eqn. (43).

For I2 the treatment is even simpler

I2 = 2
∫ 1

−1

F (u, 0)
{∫ 1

α(ε,u)

dv

v2

}
du

= 2
∫ 1

−1

F (u, 0)
[2a(u)

ε
− u

a(u)
da

du
(u)− 1

]
du + O(ε) (53)

Combining equations (52) and (53) yields:

I1 + I2 =
1
ε

∫ 1

−1

4F (u, 0)a(u) du + 2 ln ε
[
F (1, 0) + F (−1, 0)

]− 2
∫ 1

−1

F (u, 0) du

− 2F (1, 0) ln(2a(1))− 2F (−1, 0) ln(2a(−1)) + O(ε). (54)

It should be noted that in equation (54) there are anO(ln ε) term and anO(ε−1) term.
Their cancellation is expected.

5 Double integration over consecutive elements

The evaluation of double integrals over consecutive elements follows a similar path,
although it has some specific features. It is omitted here for brevity but can be found in
[8].

5.1 Cancellation ofln |ε| terms

For any given weight functionψ onE, the coincident, adjacent and transposed-adjacent
types of integration all give rise toln |ε| terms, whose magnitude depend only on the
element geometry and density values at elementE endpoints. All these contributions
add to zero provided the hypersingular kernels satisfy some conditions (which consti-
tute indeed some of their properties) and in the algorithm the density functionϕ is C0

(continuous) across elements. It is worth remarking that theC1,α smoothness required
atϕ aty (cf. Eq. (13)) has no relevance here sincey is never an endpoint forE. There-
fore, ϕ must beC1,α strictly inside each boundary element (where it is usuallyC∞)
andC0 at both endpoints.

6 Evaluation of free terms due to the hypersingularity

Let us go back to the starting identity (16) for the Galerkin BEM. The following free
term ∫

Γ

ψ(y)ϕ(y)
{∫

sε

V (y,x) dsx

}
dsy (55)
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appeared in equation (16) and needs further treatment to obtain its explicit expression.
Once the boundaryΓ has been subdivided into boundary elements, one is led to com-
pute the limiting form of the element-wise versions of (55)

H =
∫

E

ψ(y)ϕ(y)
{∫

sε

V (y, x) dsx

}
dsy (56)

Note that bothψ andϕ are defined onE.

6.1 Hypersingular free term final expression

After several steps, as reported in [8], the final formula for the element-wise free term
(56) is obtained

H = H+ + H− (57)

with

H+ =
{
Hi(−π, 0, 1) +

∫ β′

0

Hi(θ, 0, 1)
cos(θ−β′)

sin β′
dθ

}
[ψϕni](1) (58)

H− = −
{
Hi(0, 0,−1) +

∫ β′′

0

Hi(π−θ, 0,−1)
cos(θ−β′′)

sin β′′
dθ

}
[ψϕni](−1) (59)

The finite free term (57) is specific to Galerkin BEM and apparently had never been
detected before.

The free termsH+,H− are of coincident type in that they involve onlyϕ andψ on
E, but also of adjacent type in that they depend on the anglesβ′, β′′ with neighbouring
elements. It is useful to note thatH+ + H− = 0 if the tangent has interelement
continuity. Sinceϕ must have interelement continuity, it is in practice more natural to
treatH+,H− as adjacent terms. If we think ofϕ as a continuous shape function, we
see that it ought to be eitherϕ(−1) = 0 or ϕ(1) = 0, which simplify the expression
for the free termH. Moreover, if the support of a continuous weight functionψ spans
two boundary elements, we see that each side contributes a free term.

A short comment on the finite free terms just obtained is in order as they may look
a bit unusual. They have never been detected before because in no other paper a limit
process based on the vanishing neighbourhood approach has been used in conjunc-
tion with SGBEM. All formulations of SGBEM based on regularization of the kernels
before performing the limit, like in [11, 12, 13, 14, 15], do not provide free terms at
all (and this is indeed one of their advantages). The same is true for the limit to the
boundary method [16, 17, 18]. On the other hand, techniques based on the finite part
idea [19, 20, 21] completely overlook the free term evaluation, as the ‘bump’ associated
to the vanishing neighbourhood is never taken into account.

The direct approach for the evaluation of singular integrals, here pursued and ex-
tended to SGBEM, is strongly based on a careful analysis of the limiting process, as
the neighbourhood and the ‘bump’ around the singularity vanish, and free terms are
therefore an essential part. It should also be considered that in the present paper the
double integrations have been always dealt with as a whole, thus fully exploiting the
features of the Galerkin BEM, and this aspect also affects the nature and the value of
the free terms.
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6.2 Evaluation of the free termc(y)

Using the formalism introduced in this section, the free termc(y) defined by (15)
becomes:

c(y) =
∫ 0

−π

{
V(e(ω; η), 0,y)e(ω; η)−W(e(ω; η), 0,y)n(x)

}
dω

whereW(e, r,y) = rW (y,x) is the singular part of the strongly singular kernel
W (y, x). Note that the integration bounds mean thatΓ is smooth aty. This is the
only case needed in connection with the weighted identity (16) as long as the irregu-
lar points onΓ are isolated (e.g. a finite number of corners). Sincec(y) are regular
functions, the evaluation of the integral

∫

Γ

ψ(y)∇ϕ(y) · c(y) dsy

in the identity (16) is a trivial task.

7 Conclusions

In this paper the extension of the direct approach to the evaluation of double hypersin-
gular integrals, like those arising in the symmetric Galerkin BEM, has been outlined.
Double integrals are considered as a whole through the introduction of suitable coordi-
nate transformations in the two-dimensional space of intrinsic coordinates. As a result,
the proposed procedure preserves the symmetry of the formulation after discretization,
even when the numerical quadratures are affected by some errors. A complete treat-
ment was presented in [8].

As typical in the direct method, the limiting process has been expressed in the
parametric space and the free terms have been evaluated analytically. Cancellation of
all potentially unbounded terms has been shown to occur if the density functionϕ is
continuous between elements. The analysis has also shown that somehow new free
terms arise.
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