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Abstract. This paper discusses solving the forward problem for electrical resis-
tance tomography (ERT). The mathematical model is governed by Laplace’s equa-
tion with the most general boundary conditions forming the so-called complete-
electrode model (CEM). We examine this problem in simply-connected and multi-
ply - connected domains (rigid inclusion, cavity and composite bi-material). This
direct problem is solved numerically using the boundary element method (BEM)
and the method of fundamental solutions (MFS). The resulting BEM and MFS so-
lutions are compared in terms of accuracy, convergence and stability. Anticipating
the findings, we report that the BEM provides a convergent and stable solution,
whilst the MF'S places some restrictions on the number and location of the source
points.

Keywords: Electrical impedance/resistance tomography; Complete-electrode
model; Boundary element method; Method of fundamental solutions.

1 Introduction

Electrical impedance tomography (EIT) is a non-intrusive, low-cost and portable
technique of imaging the interior of a specimen based on the knowledge of the
injected currents and the resulted voltages which are measured on the electrodes,
as explained in [25,26]. It has widespread applications in medicine, geophysics
and industry. When using this technique in electrostatics, for example, one seeks
to create images of the electrical conductivity distribution in the body from static
electric measurements on the boundary of the body, [18]. The EIT direct (for-
ward) problem provides the current flux on the boundary, which in turn, leads to
calculation of voltages, via an estimated conductivity distribution. In contrast,
the inverse EIT problem aims to reconstruct the inner conductivity distribution
from the knowledge of the voltages for a wide pattern of injecting currents. In
this iterative optimization process, the nonlinear least-squares objective function
has to be evaluated many times using the forward solver. Consequently, there is
a need to obtain the solution of the direct problem accurately and fast if it is to
be useful for real-time monitoring, [11,12,22,23].

If all the quantities involved are real then, this version of the more general com-
plex EIT is also known as electrical resistance tomography (ERT). We mention
that some comparison has been previously performed in [10] between the finite
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volume method (FVM) and the finite element method (FEM), for the gap model
of EIT. Also, very recently on improved boundary distributed source method has
been compared in [8] with the more standard BEM and FEM numerical forward
solvers for ERT.

We begin with the mathematical formulation (Section 2) which describes the
complete-electrode model (CEM) for ERT. Since in the direct problem of the CEM
the constant voltage on each electrode is unknown, we can eliminate it by integrat-
ing the associated Robin boundary condition, as described in [9]. The resulting
mathematical model is then solved using two numerical methods. These are the
boundary element method (BEM) (Section 3) and, for the first time, the meshless
method of fundamental solutions (MFS) (Section 4). In the same spirit as [8], we
compare thoroughly the numerical results obtained by these two methods for both
simply-connected (Section 5) and multiply-connected domains containing a rigid
inclusion or a cavity (Section 6). An extension to composite bi-materials is also
performed (Section 7). Finally, the conclusions of this study (Section 8) are given
paving the way for future work on solving the inverse problem of ERT/EIT.

2 Mathematical Formulation

In this section, we consider solving Laplace’s equation in a two-dimensional bounded
domain 2, namely,

v2u =0, in Q, (1)

subject to certain boundary conditions which make the problem the so-called
‘complete-electrode model* (CEM), [24]. In this model, on the boundary 92 there
are attached L electrodes, ,, for p = 1, L, see Figure 1. On these electrodes we
have the Robin boundary condition, [9],

ou 1 zpl,
u-l—Zp@n_ép/apUdS: pr7 on &, p=11L, (2)

where n is the outward unit normal to the boundary 0%, £, is the length of the

electrode g,
ou
[p = / % ds (3)

is the injected constant current applied on the electrode €, and satisfying Z;‘:l I, =
0, and z, > 0 is the constant contact impedance. In equations (1)-(3) we have
assumed that the medium 2 has unit constant conductivity, but later on we shall
also consider a piecewise constant version. The derivation of the boundary condi-
tion (2) is as follows. The constant voltages U, on the electrodes ¢,, that are to
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be determined in the direct problem, are calculated in the inverse problem from
the Robin boundary condition

0
u+ zp£ =Up, on €, p=1,L. (4)

Then, by integrating (4) over ¢,, and using (3) we can eliminate the unknown U,
to obtain (2).

The electric current is assumed to vanish on the gaps g, for p = 1, L, between the
electrodes on the boundary part, so that

ou
= 0, on 8Q\U£:1£p =: Uﬁzlgp. (5)

In order to obtain a unique solution we also need that, [1],

/muds:o. (6)

Equations (1), (2), (5) and (6) represent the direct problem of ERT if the domain
Q is simply-connected. If  is multiply-connected, e.g. it contains holes, then an
additional boundary condition of the form

u=0, or Ou _ 0 or z%

on an+u:0 Q

should be applied on the inner boundary portions of 0f), where z > 0 is the contact
impedance.

The CEM given by equations (1), (3)-(6) is uniquely solvable, [24], and has
been validated in [8] as being in most agreement with experiments compared with
the simpler continuous, gap and shunt models of ERT /EIT.

Without loss of generality, we can assume that  is the unit disk {(z,y) €
R?|z2 + y% < 1}, otherwise we can always map conformally the simply-connected
domain 2 onto the unit disk.

A closed form solution of the direct problem of ERT is available only in very
restricted cases, e.g. for L = 2 electrodes, and no-impedances z; = zo = 0, [20],
and therefore numerical methods are generally necessary. In the next sections we
describe and compare two such numerical methods.
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Figure 1: The electrodes attached to the boundary in two-dimensional CEM for L = 2
and 4.

g2 €1

€3 g4

3 The Boundary Element Method

The boundary element method (BEM) has many advantages compared to other
domain discretisation methods because it discretises only the boundary to obtain
the unspecified boundary data and the solution in the whole domain, [2,13]. This
reduction makes the number of unknowns, which need to be determined, smaller.
In this section, we will use the BEM to solve the forward problem (1), (2), (5)
and (6) in the unit disk @ = {(z,y) € R*[z? + y? <1}. The BEM reduces the
problem to one of solving a linear system of equations

Au' + Bu = 0, (8)

where u := (u (ﬁ)) _u = (gf“ (]5)) __, A and B are matrices which
=1/ 7 j=1,M "\=/ =1 M
depend solely on the geometry of 02, and M is the number of boundary ele-
. . 27g : 27g
ments. The boundary element endpoint is ;= (xj,y;) = (cos (WJ) ,sin (Wj)),
for j = 1, M, with the convention that Py =Py and p; is the boundary element
node. For a constant BEM approximation p. is the midpoint of the segment
;= P, D The derivation of this approximation can be briefly summarised in

the following four steps:

1. Find the fundamental solution G(p,p’) of Laplace’s equation satisfying

V2G(p.p) = —6(p—p),
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where 0 is the Dirac delta function. The fundamental solution which we seek
is based on the distance between p and p’. As a result, in two-dimensions

/ __i _ /__i )2 N2
Glp.p) = - lp—pl= 5@ -+ -y’ )
where p = (z,y) and p’ = (2',3).

. Transform Laplace’s equation into the integral equation

_ ’ aﬁ . / % /
o) = [ 6w)gt - a5 wih)as. o
where
0.5 if p € 0Q (smooth)
0 if p ¢ Q.

This is obtained using the fundamental solution (9) and Green’s identity.

. Discretise the boundary into small straight line segments I'; for j = 1, M
and assume that the boundary potential u and its normal derivative g—z are
approximated by constant functions over each small boundary element I';.

Via these approximations, the integral equation (10) is expressed as

M M
n(Pulp) =Y ujA;(p) = > u;B;(p), (11)
j=1 j=1

where
Aiw) = | G w)
__1{ h(n (h/2) = 1) if ab=0
27 | acos(B)(In(a) — In (b)) — A(1 —1n (b)) + aysin(B) ifab#0
Biw) = [ Goos)i @)

0 ifaszorBe{jSl,]jj}
=5-\ ¢sien(aii(p) —a;(p)  ify € [yj-1,y;]

¥ sign(o(p) — oj—1(p)) otherwise

where sign is the signum function, a = |p — Bj71|’ b=I|p— Bj|’ h = IBj - Bj71|,

a;_1(p) and a;(p) are the angles between the z-axis and segments p, P

and p, P repectively, and the angles ¢ and 8 are given by

= arceos [ CTY TN g s (S0
o 2ab e 2ah '
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4. Apply equation (11) at the midpoint nodes p; for ¢ = 1, M. This gives the
system of linear algebric equations (8) with the unknowns u and u’. The
system can be rewritten as

M
Z (AijUQ + Bjju;) = 0, i=1,M, (12)
j=1

where A and B are matrices defined by

- - 1
Aij = 45(Bi), Bij = —B;(B:) — 50,

where d;; is the Kronecker delta function.

In compact form (12) represents the system of equations (8). Specific boundary
conditions should be imposed to make the resulting system of equations (12) solv-
able. The CEM boundary conditions (2), (5) and (6) will be considered next.

First, we collocate the boundary condition (2) for the electrodes ¢,, p = 1, L,
at the nodes p;, resulting in

(2K+1)M/(2L)

2 I
uz‘+zpu/i_ Mﬂ— Uk = ZZ p»
P k=(KM/L)+1 p
i=(M+1+KM/L),(M+ (2K + 1)M/(2L)),

(13)
where K =0, (L — 1). This yields M/2 equations.

Secondly, by collocating the zero flux boundary condition (5) for the gaps g,,
p =1, L, between electrodes at the nodes p;, we obtain

u; =0, i=(M+1+ (2K —1)M/(2L)),(M + KM/L), (14)

where K =1, L. This yields another M/2 equations.
Finally, the condition (6) yields one more equation, namely,

M
> up =0. (15)
k=1

To find the solution of the CEM problem (1), (2), (5) and (6) using the BEM, the
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equations (12)-(15) have been reformulated in the following generic matrix form
as a (2M 4 1) x (2M) linear system of algebraic equations:

DX =b, (16)

where

Of course, from equations (13) and (14), in principle we could eliminate the current
flux u’ such that (16) can be reduced to a smaller (M + 1) x M linear system of
algebraic equations. Since the system of equations (16) is over-determined (the
number of equations is greater than the number of unknowns), we can use the
least-squares method to solve it. This yields

X =(D"D)~'D"b. (17)

Once the boundary values have been obtained accurately, equation (11) can be
applied at p € Q to provide explicitly the interior solution for u(p).

4 The Method of Fundamental Solutions

One of the reasons why the method of fundamental solutions (MFS) is becoming
increasingly popular in various applications is that it is conceptually simple and
easy to describe and implement. The MFS is regarded as a meshless BEM and it
has been used to find the solution of inverse geometric problems governed by the
Laplace’s equation in [14,15].

The MFS seeks a solution of Laplace’s equation (1) as a linear combination of
fundamental solutions of the form:

ulp) =Y GGl p),  pel=0uUd0, (18)

where §j are called sources (‘singulaties’) and are located outside 2, and (c;) =T
are unknown coefficients to be determined by imposing the boundary conditions
(2), (5) and (6). The approximation (18) is justified by the denseness of the set of
these functions, as N — oo, into the set of harmonic functions, [6]. Note that in
R? there is an additional constant which has to be included in the expression (18)
in order for the set to be complete, but this constant can usually be taken to be
zero without much loss of generality.
Since € is the unit disk, we take the source points

éj =( },5?-) = (Rcos (2]7:[‘7> , Rsin (2]7\;]>> , j=1,N,
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where 1 < R < o0, and the boundary collocation points

2mi 2mi
xi:(COS(Z\ZZ),Sin(]\ZZ)), i=1,M.

From (9) we have

G 1= (§z+ &) _

where §j = (£5,€3). In order to obtain the coefficient vector ¢ = = (¢j)j—1x> we
(5

substitute equations (9) and (19) into the boundary conditions (2), (5) and (6).
Firstly, we apply the boundary condition (2) for the electrodes €,, p =1, L, at
the collocation points z; on ¢, resulting in

N (2K+1)M/(2L)

2m oG zply,
Z 5 gz M Z (éj’gk) + Zpﬁ(é‘]?gl) Cj - Y )
j=1 P p=(KM/L)+1 p

i=(KMJ/L)+1, 2K + )M/(2L), (20)

where K = 0, (L — 1). This yields M/2 equations.
Secondly, by applying the zero flux boundary condition (5) on the gaps gp,p =
1, L, between electrodes, at the collocation points x; on g,, we obtain

N
Z 574 =0, o=+ @2K-1)M/(2L)),(KM/L), (21)

where K = 1, L. This yields another M/2 equations.
Finally, imposing the condition (6) yields one more equation
M N
Z Z ¢ G( § ) . (22)
i=1 j=1
Again, to find the solution of the CEM problem (1), (2), (5) and (6) using

the MFS, the equations (20)-(22) have been reformulated in the following generic
matrix form as an (M + 1) x N linear system of algebraic equations

Fc=10. (23)

33



T. E. Dyhoum et al. / Electronic Journal of Boundary Elements, Vol. 12, No. 3, pp. 26-71 (2014)

The least-squares method is used to solve the system of equations (23) if M +1 >
N. This yields

c=(FTF)" FTb. (24)

Once the coefficient vector ¢ has been obtained accuratly, equations (18) and
(19) provide explicitly the solution for the potential v in €2, and the current flux
du/On on ON.

5 Numerical Results and Discussion

In this section, we will discuss and compare the numerical solutions of the direct
ERT problem given by equations (1), (2), (5) and (6) obtained using the BEM
and the MFS.

Example 1. For simplicity, choose L = 2 (only two electrodes are attached
to the boundary) and solve the problem (1), (2), (5) and (6) with the following

input data: 21 = 20 =11 =1, and I = —1.

BEM Solution: The matrix D in equation (16) is given by

D;; =

s

{BM if 1 =1, MM, T

Ay, ifl=(M+1),2M,

On the other hand, using equations (13)-(15) we obtain:

— if (i — M) #1,1=1,M/4,
_h (- M) =11=
R B e R T e N T/}

0 if | = (M/4+1), M,

zlém if [ = (M+ 1),2M,
—% if (i — M) #1,1l=(M/2+1),3M/4,

D. (1—4)  if (i— M) =1,1=(M/2+1),3M/4,

o 0 if 1 =1, M/2U (3MJ4+ 1), M,

2251'7[ ifl = (M + 1),2M,

i=(M+M/2+1),(M+3M/4),

Dy =20, f l=(M+1),2M,

i=(M+ MJ4+1),(M+ M/2)U (M + 3M/4 + 1), 2M.
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The last row in the matrix D is given by

D (1 ifl=T1,M,
CMADL= 0 ifl=M+1,2M.

Finally, the vector b is given by

T
Q: (Q z1ly Q Z;ﬁ Q O) )

Table 1 illustrates the numerical solutions of the direct problem (1), (2), (5)
and (6) obtained using the BEM with various numbers of boundary elements M.
We only show the solution in the upper semidisk because the solution is symmetric
on the lower semidisk, namely u(z,y) = u(—x, —y) for x € (—1,1),y € (0,1). Also,
in Table 1 (as well as Tables 2 and 4 later on) we only show, for the simplicity
of illustration, the results at » € {1,2,3,9}/10. We mention that the numerical
results for the other values of r € {4, ...,8}/10 have been found to possess similar
features and therefore are not included. From Table 1 it can be seen that using
the BEM to solve the CEM yields a convergent interior solution, as the number of
boundary elements M increases.
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Table 1: The numerical solution of Example 1 at selected interior points (r, 6) obtained
using the BEM for various numbers of boundary elements M € {8,16,32,64,128,256}.

0 27/10 | 47/10 | 67/10 | 8x/10 | 10w/10 | M
0.0540 | 0.0487 | 0.0247 | -0.0085 | -0.0386 | 8

0.0556 | 0.0502 | 0.0255 | -0.0088 | -0.0398 | 16
1/10 0.0561 | 0.0508 | 0.0257 | -0.0088 | -0.0401 | 32
0.0562 | 0.0506 | 0.0257 | -0.0089 | -0.0401 | 64
0.0562 | 0.0506 | 0.0257 | -0.0089 | -0.0402 | 128
0.0562 | 0.0507 | 0.0258 | -0.0089 | -0.0402 | 256
0.1083 | 0.974 | 0.0491 | -0.0169 | -0.0769 | 8

0.1116 | 0.1004 | 0.0517 | -0.0174 | -0.0793 | 16
2/10 0.1124 | 0.1011 | 0.0511 | -0.0175 | -0.0799 | 32
0.1126 | 0.1013 | 0.0511 | -0.0176 | -0.0800 | 64
0.1126 | 0.1014 | 0.0512 | -0.0176 | -0.0801 | 128
0.1127 | 0.1014 | 0.0512 | -0.0176 | -0.0801 | 256
0.1632 | 0.1463 | 0.0727 | -0.0248 | -0.1147 | 8

0.1681 | 0.1508 | 0.0751 | -0.0257 | -0.1184 | 16
3/10 0.1693 | 0.1519 | 0.0757 | -0.0259 | -0.1193 | 32
0.1696 | 0.1521 | 0.0759 | -0.0260 | -0.1195 | 64
0.1697 | 0.1522 | 0.0759 | -0.0260 | -0.1196 | 128
0.1697 | 0.1522 | 0.0759 | -0.0260 | -0.1196 | 256

0.5051 | 0.4723 | 0.1592 | -0.0734 | -0.3175 | 8

0.5264 | 0.4774 | 0.1793 | -0.0565 | -0.3440 | 16
9/10 0.5264 | 0.4774 | 0.1793 | -0.0565 | -0.3440 | 32
0.5263 | 0.4772 | 0.1792 | -0.0564 | -0.3436 | 64
0.5264 | 0.4774 | 0.1793 | -0.0565 | -0.3439 | 128
0.5264 | 0.4774 | 0.1793 | -0.0565 | -0.3440 | 256

Figures 2 and 3 show the BEM boundary solution for u and its normal deriva-
tive Ou/On, respectively. From these figures it can be seen that the BEM solutions
for both u and du/On have rapid convergence on the boundary. So, we can rely
on these results and consider them as the ‘exact solution‘ of the well-posed direct
problem of the CEM of EIT.
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0'80 0.1 02 03 04 05 08 07 08 09

Figure 2: The boundary solution u (1,6), as a function of 8/(2w), obtained using the

BEM with M € {64, 128,256}, for Example 1.

dufon(l, )

05 08 07 08 09 1

o1 02 03 04
8 1(2r)

Figure 3: The normal derivative 9% (1,0), as a function of 6/(27), obtained using the

BEM with M € {64, 128,256}, for Example 1.

Figure 4 shows the resulting voltage U,, p = 1,2, obtained from (4). In this
figure the top part illustrates that the voltage is indeed constant and equal to
Ui ~ 1.1738, whilst the bottom one indicates that U ~ —1.1738. We mention
that these voltages are the quantities which are measured on the first and second

electrodes in the inverse ERT problem.
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Figure 4: The voltages Up, p = 1,2, as functions of 6/(27), obtained using the BEM
with M € {64, 128,256}, for Example 1.

MF'S solution: We now solve the problem (1), (2), (5) and (6) for Example 1
using the MFS instead of the BEM.

To begin with, the first M /4 rows of the matrix F in equation (23) corespond-
ing to the first electrode 1 are

2
Fij =G i

VA (Gij+ Girrj + -+ Grrjag) + 21 G,

NE 1= 17M/47 ]: 17Na
where G, ; = G(§j,7;) and G ; = 9G (¢;,x;). Another M/4 rows in the matrix
F are generated by applying the boundary condition (20) on the second electrode
€2, namely

2T
Fij=G;;— i, (Gaya41),5 + Gaja2),; + -+ Ganayaj) + 2G

i=(M/2+1),3M/4, j=1,N.

In addition, applying the no flux boundary condition (21) results in another M /2
rows given by

Fij=G,. i=(M/4+1),M/2U3M/4+1),M, j=1,N.

7,79

To end with, the last row in the matrix F' obtained from the condition (22) is:

M
Foryn,y = ZGi,ja Jj=1N.
i—1
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Similarly, the vector b of the linear system of equations (23) is given by

b:(@ 0 =Lk g O)T.

2 - L2

Table 2 illustrates the numerical solutions of the problem (1), (2), (5) and (6)
obtained using the MFS with various M = N and R = 1.15. From this table it
can be seen that using the MFS to solve the CEM provides a convergent interior
solution. However, by inspecting Tables 1 and 2 it can be seen that this conver-
gence is slightly slower in the MFS than in the BEM, as M = N increases.

Table 2: The numerical solution of Example 1 at selected interior points (r, 6) obtained
using the MFS for various M = N € {8, 16, 32,64,128,256} and R = 1.15.

0 27/10 | 47/10 | 67/10 | 8x/10 | 107/10 | M
0.1316 | 0.1225 | 0.0619 | -0.0213 | -0.0968 | 8

0.0731 | 0.0658 | 0.0334 | -0.0115 | -0.0227 | 16
1/10 0.0578 | 0.0521 | 0.0265 | -0.0091 | -0.0413 | 32
0.0562 | 0.0507 | 0.0257 | -0.0088 | -0.0401 | 64
0.0562 | 0.0506 | 0.0257 | -0.0088 | -0.0401 | 128
0.0561 | 0.0506 | 0.0257 | -0.0088 | -0.0401 | 256
0.1466 | 0.1318 | 0.0664 | -0.0227 | -0.1040 | 8

0.2740 | 0.2457 | 0.1216 | -0.0422 | -0.1909 | 16
2/10 0.1160 | 0.1043 | 0.0526 | -0.0180 | -0.0824 | 32
0.1127 | 0.1014 | 0.0512 | -0.0175 | -0.0801 | 64
0.1126 | 0.1013 | 0.0511 | -0.0175 | -0.0801 | 128
0.1126 | 0.1013 | 0.0511 | -0.0175 | -0.0800 | 256
0.4144 | 0.3704 | 0.1777 | -0.0422 | -0.1909 | 8

0.2210 | 0.1981 | 0.0982 | -0.0335 | -0.1552 | 16
3/10 0.1747 | 0.1567 | 0.0781 | -0.0267 | -0.1230 | 32
0.1698 | 0.1523 | 0.0759 | -0.0259 | -0.1197 | 64
0.1697 | 0.1522 | 0.0759 | -0.0259 | -0.1196 | 128
0.1696 | 0.1522 | 0.0759 | -0.0259 | -0.1195 | 256

1.2972 | 1.1393 | 0.4321 | -0.4131 | -0.1860 | 8

0.9671 | 0.5922 | 0.1302 | -0.0360 | -0.3042 | 16
9/10 0.5478 | 0.4905 | 0.1825 | -0.0572 | -0.3505 | 32
0.5270 | 0.4783 | 0.1791 | -0.0564 | -0.3439 | 64
0.5265 | 0.4775 | 0.1792 | -0.0564 | -0.3439 | 128
0.5263 | 0.4773 | 0.1792 | -0.0564 | -0.3437 | 256

Figures 5 and 6 show comparisons between the BEM and MFS solutions for
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the boundary data u(1,8) and du/0n(1,0), respectively. In these figures the mark-
ers are shown only on a coarse selection of boundary points in order to allow the
curves to be distinguishable. In the MFS, we present the results obtained with
R = 1.15 which is the optimal choice for which the numerical MFS results are the
closest to the BEM results. In the absence of these latter numerical results, or of
an analytical solution being available one could still optimize the choice of R by
minimizing (with respect to R) the error in satisfying, in a least-squares sense, the
boundary conditions (2), (5) and (6) at points on the boundary different than the
collocation points (z;),_137. The reason why R is close to unity is because the
boundary value problem possesses singularities in the normal derivative, see Fig-
ure 5, at the end points of electrodes where the Robin boundary condition (3) and
the Neumann boundary condition (5) mix. This in turn means that the harmonic
solution u cannot be analytically continued too far outside the unit disk € and the
MF'S approximation (18) is accurate only provided that the sources (£ .);_17 are

positioned on a circle of radius R > 1 such that there are no singularities in u in
the circular annulus {(z,y)? € R?|1 < 2?+y? < R?}. From Figure 5 it can be seen
that there is excellent agreement between the BEM and MFS numerical solutions
except for the coarse meshes/degrees of freedom of 8 to 16 elements. However,
increasing the number of collocation points M and the degrees of freedom N, both
u(1,0) and its derivative du/0n(1,0) show good agreement with the BEM solu-
tion. Furthermore, the MFS gives the closest agreement to the BEM results with
M = N = 128 and R = 1.15. However, for the large choice of M = N = 256,
the MF'S shows some slight instability in the normal derivative, see Figure 6. This
instability is due to the ill-conditioning of the matrix F' which is commonly known
with the MFS, see [7,17,21].
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Figure 5: Comparison between v¥% (1,6) and u?#M (1,9), as functions of 8/(2r), for
Example 1.
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Figure 6: Comparison between gz MES (1,0) and g—zBEM (1,0), as functions of 8/(2m),

for Example 1.

Table 3 shows the condition numbers, defined as the ratio between the largest
singular value to the smallest one, of the BEM and MFS matrices D and F, re-

spectively. This table shows that the BEM matrix D is well-conditioned, but the
MFS matrix F' is ill-conditioned.
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Table 3: Condition numbers of the matrices D and F' of the BEM and MFS systems of
equations (16) and (23), respectively, for various numbers of boundary elements M (in
the BEM) and degrees of freedom M = N (in the MFS with R = 1.15), for Example 1.

M=N 8 16 32 64 128 256
cond(D) 35.58 86.62 215.97 | 484.40 103 2 x 10°
cond(F) || 3x10™ [ 5x 10 | 3x 10T [ 7x 1070 | 2x 10™7 | 4 x 10™®

Example 2. We next automate both the BEM and MFS computational codes
(increasing the number of electrodes to L = 4 and 8) to solve the CEM problem
(1), (2), (5) and (6) with the input data z, =1 for p =1, L and injected currents

1 ifp=1,
I,={ -1 ifp=1I, (25)
0 ifpe{2,..,L—1}

Solution: If we choose L = 2, we just re-obtain Example 1. Although the com-
putational code of the problem (written in MATLAB) is valid for any number of
electrodes L, only two cases will be illustrated here. These cases are L = 4 and
L=28.

Table 4 shows the numerical MFS and BEM interior solutions and the abso-
lute errors between them. It can be seen that for both L = 4 and L = 8, the
MFS and the BEM interior solutions agree up to three decimal places. In addi-
tion, the accuracy increases as we move further towards the centre of the unit disk.
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Table 4: The BEM numerical solution (with M = 128) of Example 2 at the some
interior points and (in brackets) the absolute errors between the BEM and MFS (with

M = N = 128).

L=4

. o 27/10 47 /10 6m/10 87/10 107/10

1/10 0.0394 0.0426 0.0301 0.0088 -0.0146
(1x107%) | (1x107%) | (8 x107%) | (2x1075) | (3 x 107F)

2/10 0.0841 0.0836 0.0551 0.0156 -0.0259
(3x107%) | (2x107°) | (1 x107%) | (3 x107%) | (5 x1079)

3/10 0.1340 0.1223 0.0752 0.0207 -0.0345
(5x107°%) | (3x1075) | (1 x107°) | (3 x107%) | (5x 1079)

9/10 0.5723 0.2593 0.1216 0.0330 -0.0560
(4x107%) | (3x107°) | (3x107%) | (3 x107%) | (8 x 1079)

L=38

. o 27/10 47 /10 67/10 87/10 107/10

1/10 0.0199 0.0242 0.0191 0.0085 -0.0039
(7x107%) | (7x107%) | (4x1076) | (2x107%) | (9 x 1077)

2/10 0.0449 0.0484 0.0347 0.0147 -0.0067
(1x107%) | (1x107%) | (7x107%) | (2x1076) | (1 x 1079)

3/10 0.0752 0.0714 0.0469 0.0191 -0.0087
(2x107%) | (1x1075) | (7x107%) | (2x107%) | (1 x1079)

9/10 0.3099 0.1451 0.0748 0.0276 -0.0127
(1x107%) | (1x107°) | (4x1076) | (4x1077) | (2 x1079)

Figures 7 and 8 represent the comparison on the boundary for L = 4 and 8,
respectively. From these figures it can be seen that both methods still follow the

same pattern as for the case L = 2.
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Comparison between the MFS and BEM solutions and their normal derivatives

6 Extension to Multiply-Connected Domains

So far, the solution domain € (unit disk), which has been considered, was a simply-
connected domain. In this section, we will investigate the direct EIT problem in

a domain which has a void (rigid inclusion or cavity) inside.
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6.1 Applying the BEM to the Direct EIT Problem in an
Annular Domain with a Rigid Inclusion

Here, the solution domain € is the annulus {(z,y) € R?(0.5)* < 2? +y* < 1},
where on the boundary of the hole inside (rigid inclusion), the boundary condition
is u = 0.

First, the external boundary r = 1 is uniformly discretised into M bound-
ary elements and the numbering of these elements is anticlockwise. Similarly,
the internal boundary r = 0.5 is uniformly discretized into another M bound-
ary elements, but these are numbered clockwise, [22]. The endpoints of external
boundary elements are

27 2mi
&: (Iuyl) = <COS <]ZZ> ,SiIl (;))a i = 17M7

with the convention that Py = Py whereas the endpoints of internal boundary
elements are

orli — M 2m(t — M
pi = (50,01) = (0-5C°S (2”— W(M)> 008 (2”‘ ﬂ(fw))) |
i=M+1,2M.

Since v = 0 on the boundary of the inner rigid inclusion, the EIT problem is
reduced to solving a new linear system of BEM equations

Bugye, + Au' = 0, 2
Outer

R =~ ! . u—/OuteT I %(él)z=m )
where (u (&))izl’lw and u <U/I7mer) - (gz(ﬁi)i:M+l,2M - We also
denote the boundary element node p; = (p; + pi—1) /2 for i =1, M UM + 2,2M,
and par1 = (P41 + panr) /2. o
First, we collocate the boundary condition (2) for the electrodes ¢, p = 1, L,
at the nodes p;_o)7, resulting in

(2K+1)M/(2L)
2w

M, k=(KM/L)+1 ly

i=(@2M+1+ KM/L),2M + 2K + )M/(2L),  (27)

Zplp

/
Ui—2M + ZpU i—2M — up = ——,

where K = 0, (L — 1). This yields M/2 equations.
Second, by applying the zero flux boundary condition (5) for the gaps gp,
p =1, L, between electrodes at the nodes p;_o,s, we obtain

w,_opy =0, i=2M+1+ (2K —1)M/(2L)),(2M + KM/L), (28)
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where K = 1, L. This yields another M/2 equations.
Finally, the condition
/ uds=20
Nouter

yields one more equation, namely,

> up=0. (29)

Therefore, to find the solution of the CEM problem (1), (2), (5) and (6) in an
annular domain containing an inner rigid inclusion using the BEM, the equations
(27)-(29) are reformulated in the following matrix form as a (3M + 1) x (3M)
linear system of algebraic equations:

DX =1b, (30)
where
Uoyter
X = ’u’f/Outer . (31)
i]nner

Since the system of equations (30) is over-determined, we have used the least-
squares method to solve it. This yields the solution (17) for the unspecified bound-
ary data (31).

Once the boundary data has been obtained accurately, equation (11) can be
applied for p € Q to provide explicitly the interior solution for u(p).

6.2 Applying the MFS to the Direct EIT Problem in an
Annular Domain with a Rigid Inclusion

In this section, the MFS secks a solution of Laplace’s equation (1) as a linear
combination of fundamental solutions of the form:

2N
u(p) = Z ch(gj,Q), S Q. (32)

where §j are the sources and located outside the outer domain

QOuter = {(l’,y) € R2|l‘2 + y2 = 1}
and inside the rigid inclusion

Qrnner = {(sc,y) € R2|JU2 + yQ - (0'5)2} )
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where Q = Qouter\ Qrnner- The (CJ)J,1 5 are unknown coefficients to be deter-
mined by imposing the boundary conditions (2), (5), (6) and

u=0 on OQnner- (33)

Since Q = Qouter\ Qnner = B(0; 1)\ (0;0.5), we take the external source points
§j = (§,&) = (Rcos (352), Rsin (%)) for j=1,N, where 1 < R < oo, the

internal source points §j = (£5,€7) = (Rycos (%) , Ry sin (%)), for
j=N+1,2N, where 0 < R; < 0.5. We also take the external boundary colloca-

tion points z; = (cos (21\7) sin (21\7)) for ¢ = 1, M, and the internal boundary col-

location points x; = (0.5 cos (MMM)) ,0.5sin (LAZM))) fori=M+1,2M.
For external points p = (x,y) € 0Q0uter We have

oG 1= (g + &)

on &2 = "anlg —pp

j=T1,2N, (34)

whilst for internal points p = (x,y) € Qnner We have

oG (0.5)* = (&= + &fy)

= p) = ., j=T1,2N. 35

an &) —2(0.5)wl¢, — pP? J (35)
In order to obtain the coefficient vector ¢ = 2 N, We substitute equations
(9), (34), and (35) into the boundary COIldlthIlb (72 ), (6) and (33).

First, we apply the boundary condition (2) for the electrodes ep, p =1,L, at
the collocation points z; on ¢, resulting in

(2K+1)M/(2L)
Zplp

X 2m oG
z:: Gz~ 3 2. G(&jran) +2pg (€ 2:) | ¢ = 0o

P k=(KM/L)+1

i=(KMJ/L)+ 1, 2K + )M/(2L), (36)

where K =0, (L — 1). This yields M/2 equations.
Second, by applying the zero flux boundary condition (5) on the gaps g,,p =
1, L, between electrodes, we obtain

Zc] 5_2:, i=(1+ Q2K - 1)M/(2L)),(KM/L). ~ (37)

where K = 1, L. This yields another M /2 equations.
Third, we apply (33) which gives M more equations

ZCjG(fj,L‘) =0, i=M+1,2M. (38)
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Finally, by imposing the condition (6) and using (38), yields one more equation

2M 2N

chjc;(ij,gi) =0. (39)

i=1 j=1

Again, to find the solution of the CEM problem (1), (2), (5), (6) and (33) using
the MFS, the equations (36)-(39) are reformulated in the following matrix form as
a (2M + 1) x 2N linear system of algebraic equations:

Fe=b. (40)

The least-squares method is used to solve the system of equations (40). This yields
the solution (24).

Once the coefficient vector ¢ has been obtained accurately, equations (32), (34)
and (35) provide explicitly the solution for the potential uoyter On the external
boundary 0Qouter and inside the annular domain Q, the current flux (Ou/0n)outer
on the external boundary 0Q0uter and the current flux (Ou/0n)rnner on the in-
ternal boundary 0Q,ner, respectively.

Example 3. Solve the problem (1), (2), (5), (6) and (33) using the BEM and
MFS with the same input data as in Example 1.

BEM solution: The matrix D in equation (30) is given by

By ifl=T1,M, B

D”l_{ A ifl=(M+1),3M, t=1,2M
On the other hand, using equations (27)-(29) we obtain:
- if (i —2M) #1,1 =1, M/4,
D=4 —#) i (i—2M)=1,1=1,M/4,
o 0 if | = (M/4+ 1), M U (2M + 1), 3M,
215“ ifl = (M —+ 1), 2M,
i=(2M +1),(2M + M/4),
-£ if (i —2M) # 1,1 = (M/2+1),3M/4,
D. (1—4)  if(i—2M) =1,1=(M/2+1),3M/4,
o 0 if 1 =1,M/2U (3M/4+ 1), M U(2M + 1),3M,

22041 ifl=(M+1),2M,

i=(2M + M/2+1),(2M + 3M/4),
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Dy =6;y, if 1= (M+1),2M,

i=(2M + M/4+ 1), (M + M/2) U (2M + 3MJ4 + 1), 3M.

The last row in the matrix D is given by

D (1 if1=T1,M,
GMEDLZ 0 if = M+ 1,30,

Furthermore, the vector b is given by

T
b=(0 3 0 =2 0 o). (41)

MF'S solution: Turning now to the MFS solution, the first M/4 rows of the
matrix F in equation (40) coresponding to the first electrode €1 are
2m

Fi,j = Gi,j —m (GiJ + Gi+1,j + ...+ GM/4J) +21G;

i=1,M/4, j=T1,2N.

VK

Another M /4 rows in the matrix F' are generated by applying the boundary con-
dition (2) on the second electrode e5, namely

2
Fij=Gij— A (Garjarnyy + Gouayara) g + -+ Ganyag) + 2G5,

i=(M/2+1),3M/4, j=T1,2N.

In addition, applying the no flux boundary condition (5) results in another M /2
rows given by

Fj=G,, i=(M/A+1),M/2U3M/4+1, j=1,2N.

9,5

Moreover, another M rows are generated from applying the inner boundary con-
dition (33), namely,

F;=Gij, i=(M+1),2M, j=1,2N.

To end with, the last row in the matrix F' obtained using equation (39) is:

2M

Farsn,y =Y Gij, j=12N.
=1
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The vector b of the linear system of equations (40) is given by

T
211 zo1:
b= (32 0 32 0 0) . (42)

In the MFS we take R = 1.15 and Ry = 0.45. Figures 9, 10 and 11 present a
comparison between the BEM and MF'S solutions for the boundary data uouzer (1, 6),
(Ou/On)outer(1,0) and (Ou/ON) rnner(0.5,0), respectively. From these figures it
can be seen that the BEM outer solution and its derivative, as well as the BEM
inner derivative are convergent, as the number of boundary elements M increases.
This is also true when the MF'S is used except for M = N = 256, where the outer
solution still has a reasonable accuracy, but the normal derivative on the inner
boundary becomes highly unstable, see also Table 5 for the condition numbers.

1 —E— BEM M=s 0.5 = —E— BEM M=16
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0 0
05

'8z o0z o8 o8 1 11z 02 o8 o081
DA —E— BEM =32 0.4 S ——

0.2

—— MF5 M=z .. e AR
0 0
0.2 5
Mooz oa os os 07 o1 :' T 1
0.4 —E— BEM M=128 0.4 g —E— BEM,M=256

—— MF& M=N=12%

—+— MFS,M=N=256

1] 0
0.2 0.2
0.4 . ; it 8 04 ; . o
0 0.2 0.4 06 0.8 1 i 0.2 0.4 06 0.8 1

Figure 9: Comparison between uX&55. (1,6) and uSEM, (1,6), as functions of 6/(2x), for
Example 3.
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0/(2m), for Example 3.
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Table 5: Condition numbers of the matrices D and F' of the BEM and MFS systems of
equations (30) and (40), respectively, for various numbers of boundary elements M (in
the BEM) and degrees of freedom M = N (in the MFS with R = 1.15 and Ry = 0.45),
for Example 3.

8 16 32 64 128 256
cond(D) || 2 x 103 107 10° 7x10° | 6 x10° | 5x 107
cond(F) 1077 [ 6x10™® [ 2x 10 | 5x10™ | 4 x 1077 | 2 x 10™

6.3 Applying the BEM to the Direct EIT Problem in an
Annular Domain with a Cavity

Herein, the solution domain €2 is the same annulus as in Section 6.1, but now it
contains a cavity inside on whose boundary du/dn = 0.

The BEM implementation is the same as that for the rigid inclusion of Section
6.1, however now the BEM reduces to solving the system of equations

Bﬁ + Allo/uter = Q; (43)

u w(p,)i—ta1 -
where u := Om”) = ( =L ), and o o yrer = (2% (5;)). —.
u (ulnner U(Bi)iziMJrlﬂM U Out (an (R))lﬂ,M
Equations (27)-(29) remain the same. Therefore, to find the solution of the CEM
(1), (2), (5) and (6) in an annular domain with a cavity using the BEM, the
equations (27)-(29) and (43) are reformulated in the following matrix form as a
(3M 4 1) x (3M) linear system of algebraic equations:

DX =), (44)
where
Uouter
X = U—/Outer (45)
Urnner

Since the system of equations (44) is over-determined, we have used the least-
squares method to solve it. This yields the solution (17) for the unspecified
boundary data (45). Afterwards, equation (11) can be applied for p € Q to provide
explicitly the interior solution for u(p). a

6.4 Applying the MFS to the Direct EIT Problem in an
Annular Domain with a Cavity

Using the MFS to solve the forward EIT problem in a region which contains a
cavity inside is similar to solving the problem with the rigid inclusion of section 6.2.
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The only difference is the the internal Dirichlet homogenous boundary condition
(33) is replaced by the zero flux boundary condition

ou
o 0 on 9Nruner- (46)
Hence,
2N
oG —
ch'%(ﬁja%):(), i=M+1,2M. (47)
j=1

Due to this change, the rows

E; :G:I,jv i=(M+1),2M, j=1,2N,

will be updated in the new matrix F'

Example 4. Solve the problem (1), (2), (5), (6) and (46) using the BEM and
MFS with the same input data as in Example 1.

Solution: The matrix D in equation (44) has the same structure as for Example
3, but the last row is given by

. {1 ifl=T,MU2M+1,3M,
GM+DL=Y 0 ifl=DM+1,2M.

Furthermore, the vector b is the same as that given by (41).

Figures 12, 13 and 14 present a comparison between the BEM and MF'S solu-
tion for the boundary data upyter(1, 6) and (Ou/0n)outer(1,0) and trpner(0.5,6),
respectively. First, from Figures 12 and 13 the same conclusions, as those ob-
tained from Figures 9 and 10 for the rigid inclusion problem of Example 3, can be
drawn for the cavity problem of Example 4. Second, for the large M = N = 256,
the MFS instability manifested in retrieving the normal derivative on the inner
boundary of the rigid inclusion highlighted in Figure 11 is not present in Figure
14 which shows the function v on the inner boundary of the cavity. The reason
for this is that retrieving higher order derivatives is less accurate and less stable
than retrieving lower order ones, [19].
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Figure 12: Comparison between u55. (1,6) and u3EM (1,0), as functions of /(27),

for Example 4.
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Figure 13: Comparison between (3%)8.55,

0/(2m), for Example 4.
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Figure 14: Comparison between u.55 (0.5,8) and uBEZM (0.5, 6), as functions of 8/ (27),

for Example 4.

Table 6 shows the condition numbers of the BEM and MFS matrices D and
F, respectively. This table shows that the BEM matrix D is well-conditioned, but
the MFS matrix F is ill-conditioned.

Table 6: Condition numbers of the matrices D and F of the BEM and MFS systems
of equations, for various numbers of boundary elements M (in the BEM) and degrees of
freedom M = N (in the MFS with R = 1.15 and Ry = 0.45), for Example 4.

8 16 32 64 128 256
cond(D) || 311.91 | 64353 | 10° | 2x10% | 5x 103 | x10*
cond(F) || 2x 1017 | 5x 10 [ 10™® | 9 x 1017 | 5 x 107 | 10™®
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7 Extention to Composite Materials

In this section, the solution domain is represented by a bi-material Q = Q7 U Qo,
where Q1 = {(z,y) € R?(0.5)> < 2? +y*> < 1} and
Qs = {(z,y) € R¥z? +y* < (0.5)%}. So, the mathematical formulation of this
problem is governed by two Laplace’s equations, one in each of the two-dimenisonal
bounded domains €27 and 5. The first equation is

Viup =0, in O (48)

subject to the same boundary conditions (2) and (5) which make the problem the
so-called ‘complete-electrode model* (CEM), but equation (6) is replaced by

/ uds =0, (49)
owuter

where 0Qoyter = {(:C, y) € R?|z2 4+ 9% = 1} . The second Laplace’s equation is
V2ug = 0, in (50)

subject to the following transmission conditions on the interface Q; N Qy = 9Qs:

Uy = usg (51)
and
8’11,1 8’&2
— N2 2
8n1 Vanz (5 )

where n, is the outward unit normal to the boundary 02, of the material €; and
ny = —n, is the outward unit normal to the boundary 02 of the material Qs,
and 0 < v # 1 < oo is the ratio between the two conductivities of the materials
Q5 and Q5. In the formulation above, )5 is defined as a general inclusion and the
geometry of the whole inclusion EIT problem is shown in Figure 15. The previous
cases (simply-connected and multiply-connected) of Sections 5 and 6 could be
considered as special cases of this composite material case, since:

(i) if v = 1, then the two composite material case becomes the simply-connected
domain of Section 5.

(ii) if v = oo, then the two composite material case becomes the annular domain
with a rigid inclusion of Section 6.1.

(iii) if v = 0, then the two composite material case becomes the annular domain
with a cavity of Section 6.2.
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Figure 15: The two-dimensional CEM in a composite domain, for L = 2 and 4 electrodes.
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7.1 Applying the BEM to the Direct EIT Problem in a
Composite Bi-material

In this section, we will use the BEM to solve the inclusion EIT problem given
by equations (2), (5), (48)-(52). For the first domain €, the discretisation of
the boundary 027, is the same as in Section 6.1. Hence, the BEM reduces the
Laplace’s equation (48) for uy to a new linear system of equations similar to (26),
namely,

Buy + Auj =0, (53)
where u; := (ulO"t”) = ( ui(gi)izlvM )
B ﬂInner u1 (Bi)i:m
U G (D)t . .
and wj := | —Outer | .= [ 5 9m =/i=LM ) Fquation (53) provides the first
T L rnner Tm(fi)i:m

2M rows of the matrix D.

Now, for the second domain {25 we discretise the internal boundary 9, into M
boundary elements, directed anticlockwise. Hence, the BEM reduces the second
Laplace’s equation (50) for us to a new linear system of equations, similar to (8),
namely,

Buy + Aujy =0, (54)

. ) -
where up = (u2(Pamr+1-:));—5r71aar and up = (TZi(p2M+1fi)>i:m~ Col-

locating the interface transmission conditions (51) and (52) at the corresponding
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boundary element nodes and using (54) we obtain

A (u&)Inner =0 (55)

1
B (ﬂ)]nner o ;

Equations (53) and (55) from a system of 3M equations with 4M unkowns. In
order to make this system of equations uniquely solvable the conditions (2), (5)
and (49) should be imposed on the outer boundary. To begin with, we collocate
the boundary condition (2) for the electrodes €,, p = 1, L, at the nodes p(;_snr),
resulting in

(2K+1)M/(2L)

p 2m zply

U1(i—3M) T ZpUW 1(i—3M) — YT Uik = =7
P k=(KM/L)+1 p

i=BM+1+ KM/L), 3M + 2K + 1)M/(2L), (56)

where K = 0, (L — 1). This yields M/2 equations.

Second, by applying the zero flux boundary condition (5) on the gaps g,
p =1, L, between electrodes, we obtain

u'l(i_gM) =0, i=BM+1+ 2K -1)M/(2L)),(3M + KM/L), (57)

where K = 1, L. This yields another M /2 equations.
Finally, the condition (6) yield one more equation, namely,

M
> uik =0. (58)
k=1

Therefore, to find the solution of the CEM given by equations (2), (5) and (48)-
(52) in a composite material using the BEM, the equations (53), (55) and (56)-(58)
are reformulated in the following matrix form as a (4M + 1) x (4M) linear system
of algebraic equations:

DX =b, (59)
where
Uoyter
— UTnner
X - MIOuter ’ (60)
i]nner

Since the system of equations (59) is over-determined, we have used the least-
squares method to solve it. This yields the solution (17) for the unspecified bound-
ary data (60).
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7.2 Applying the MF'S to the Direct EIT Problem in a Com-
posite Bi-material

In this section, the MF'S for the Laplace’s equations (48) and (50) in the composite
material = Q; U Qs is applied by seeking a solution of Laplace’s equation (48)
as a linear combination of fundamental solutions of the form:

2N
uy(p) = chG(éj,BL pey, (61)
j=1

where the sources §j and the collocation points z; are exactly the same as in Section

6.2, and by seeking a solution of Laplace’s equation (50) as a linear combination
of fundamental solutions of the form:

3N

up(p) = Y ¢G(E, D). pe . (62)

j=2N+1

Similar domain decompositions for composite materials have been developed in
[3-5] for the steady-state heat conduction governed by Laplace’s equation, for the
steady-state heat transfer in a fin governed by the modified Helmholtz equation,
and for the steady-state elasticity governed by the Lame system, respectively.

In (62), the sources §j are located outside Q7 per, SO

g, =)= <R2 cos (%(]N_QN)) Rysin (%“N_QN))) . j=3N T L3N,

where 0.5 < Ry < 00, and the new internal boundary collocation points are

2 (i — 2M 2(i — 2M .
- (0.5cos (”“M)) .0.5sin (”(’M))) . i=2M +1,3M.

In order to obtain the coefficient vector ¢ = (¢;);_1 35, We substitute equations (9),
(34), and (35) into the boundary conditions. To begin with, applying the boundary
condition (2) results in equation (36), which in turn yields M/2 equations. In
addition, applying the zero flux boundary condition (5) we obtain (38). This
yields an additional M /2 equations.

Using the transmission conditions (51) and (52) results in

2N 3N
Jj=1 J=2N+1
and
ch (&,z;) — K Z ¢;G'(&,z;) =0, i=2M+1,3M,  (64)
J=2N+1
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respectively. These give 2M equations.
Finally, by imposing the condition (49), yields one more equation

2M 2N

chjG(fj,gi) =0. (65)

i=1 j=1

Again, to find the solution of the CEM problem (2), (5) and (48)-(52) using
the MFS, the equations (61)-(65) are reformulated in the following matrix form as
a (3M + 1) x 3N linear system of algebraic equations:

Fc=b. (66)

The least-squares method is used to solve the system of equations (66). This yields
the solution (24).

Example 5. Solve the problem (2), (5) and (48)-(52) using the BEM and MFS
with the same input data as in Example 1 and v = 2.

BEM solution: The matrix D in equation (59) is given by

B;;, ifl=1,2M, _
D;; = ’ -_ =1.2M
bl { Ay ifl=(My1),4M, '
and ~
B, ifl=M+1,2M,
Diy=1{ Ay ifl=(3M+1),4M, i=(2M +1),3M.

0 if | = T,M(2M + 1), 3M,
On the other hand, using equations (56)-(58) we obtain

- if (i —3M) #1,1=1,M/4,
FI —2) i (i—-3M)=1,1=1,M/4,
o 0 if [ = (MJ4+1),2M U (3M + 1),4M,
21(5,"[ if l = (2M + 1),3M,
i=(3M +1),(3M + M/4),
—£ if (i —3M) #1,1=(M/2+1),3M/4,
Dy — 1-4) if (i —3M)=1,1=(M/2+1),3M/4,
H 0 if 1 =1,M/2U (3M/4+ 1), M U(BM + 1),4M,
ZQ(Si,l if [ = (2M + 1),3M,

i=(3M + MJ2+ 1), (3M + 3M/4),

D1 =iy, if 1 = (20 +1),3M,
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i=(3M + M/4+1),(M + M/2) U (2M + 3M]4 + 1), 4M.

The last row in the matrix D is given by

D (1 if1=T1,M,
UMADL= 0 if 1 =M +1,4M.

Furthermore, the vector b is given by (41).

MF'S solution: Turning now to the MFS solution, the first M rows of the matrix
F in equation (66) are the same as those of the matrix F' in Example 1. Moreover,
another M rows are generated by applying the inner boundary condition (64),
namely,

F,j=G,;, i=(M+1),2M, j=1,2N,

Fj=—-Gi; N, i=(M+1),2M, j=2N+1,3N.

Another M rows in the matrix F' are obtained from (64) as

F ;= Gé,j, i=(2M+1),3M, j=1,2N,

Fij=2G,_y, i=(2M+1),3M, j=2N+1,3N.

Finally, the last row in the matrix F is obtained from (65) as

2M

Faminy =Y Gigs §=1N,
=1

Fisarany =0, j=N+1,3N.

Similarly, the vector b of the linear system of equations (66) is given by (43).
In the MFS we take R = 1.15, Ry = 0.45 and Ry = 0.55.

Figures 16-19 present a comparison between the BEM and MFS solutions for
the boundary data uouter(1,0), Urnne-(0.5,0), (Ou/On)outer(1,6) and
(0u/On) ramer (0.5, 8), respectively. The same conclusions as in Example 3 can be
drawn by observing these figures.
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Figure 16: Comparison between ug,;s,. (1,0) and u

for Example 5.
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Figure 18: Comparison between (g—i)gﬂ‘; (1,0) and (g—Z)gffZ[T (1,0), as functions of
6/(2x), for Example 5.
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Figure 19: Comparison between (%)%ii (0.5,0) and (%)ﬁﬁ,ﬁ{ (0.5,0), as functions
of 6/(2m), for Example 5.

8 Conclusions

This study has applied and compared the BEM and MFS to solve the complete-
electrode model (CEM) problem of ERT. These two numerical methods were ex-
amined for various simply and multiply-connected domains with various homo-
geneous boundary conditions on the inner boundary in the latter case. Due to
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the lack of an analytical solution, the BEM solution has been considered as the
exact solution because it is more accurate than the one obtained using the MFS
which gives some instability when the degrees of freedom become too large. The
boundary integrals involved in the BEM have been evaluated analytically. As far
as the computational time is concerned, both the BEM and the MFS require al-
most the same modest amount of time (mainly used to invert the linear systems of
equations (16) or (23)); e.g. 3, 5 and 30 seconds for M € {64, 128,256} boundary
elements, respectively. Another interesting point to make is that in the MFS we
have experienced with various values of R > 1 and we have found that R between
1.01 and 1.15 produces the most accurate results. For larger values of R, the MF'S
accuracy decreases showing that the harmonic function u outside the unit disk
domain €2 has reached its limit, i.e. the circle of radius R captured in its interior a
singularity of u. The nature of the Robin boundary condition (2) and, in general,
the sophisticated CEM makes it difficult to predict analytically beforehand where
the singularities of u lie in the exterior of 2. In any case, R should be chosen
less that the magnitude of position vector of the nearest singularity to the origin.
Although the MFS has produced unstable solutions for large degrees of freedom,
such as M = N = 256, for lower values its accuracy and stability are excellent
when compared to the BEM numerical solution. Moreover, the MFS is much easier
to implement than the BEM especially in three-dimensional problems in irregular
domains. Immediate future work consists in applying the direct methods devel-
oped in this study to the inverse problem of the ERT/EIT.
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