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Abstract.

Explicit closed-form real-variable expressions of a fuméatal solution and its deriva-
tives for three-dimensional problems in transverselydiredastic isotropic solids are pre-
sented. The expressions of the fundamental solution inadismentd/;;, and its deriva-
tives, originated by a unit point force, are valid for any donation of material properties
and for any orientation of the radius vector between theand field points. An ex-
pression ofU;; in terms of the Stroh eigenvalues on the oblique plane notmé#he
radius vector is used as starting point. Working from thigression ofU;x, a new ap-
proach (based on the application of the rotational symnadttiye material) for deducing
the first and second order derivative kernéls, ; andU; ;¢ respectively, has been de-
veloped. The expressions of the fundamental solution andetivatives do not suffer
from the difficulties of some previous expressions, obthibg other authors in differ-
ent ways, with complex valued functions appearing for soomhinations of material
parameters and/or with division by zero for the radius veatdhe rotational symmetry
axis. The expressions @f;;, U;; ; andU;y, j, are presented in a form suitable for an
efficient computational implementation in BEM codes.

Keywords: transversely isotropic materials, Stroh formalism, famental solution,
free-space Green'’s functions, Somigliana identity, baupéhtegral equations,
boundary element method

1. Introduction

A comprehensive review of the history of the developmenuoifamental solutions and
their derivatives for general anisotropic materials, amgarticular for the transversely
isotropic materials, was recently presented in [1, 2]. Tlondy the most relevant contri-
butions closely related to the present work will be brieflymiened.

*Extended version of the Keynote lecture by V. Manti€ préseat the International Conference on Bound-
ary Element Techniques IX (BETEQ) in Seville on 10 July, 2008
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Regarding anisotropic elastic materials, the expresdiého(i, k = 1, 2, 3) obtained
by Fredholm [3] using a 3D Fourier transform was used in ttst @athe basis for different
contributions aimed to obtaity;;, expressions as simple and explicit as possible, e.g.
Lifshitz and Rozentsweig [4].

The application of the Stroh formalism to anisotropic etdtst, see Ting [5], to eval-
uateU;; and its derivatives in 3D has shown to be an important apprtzat leaded to
several substantial contributions starting in the 197@k iialén [6] and Barnett [7], and
more recently, Nakamura and Tanuma 8], Ting and Lee [9][L8gl1] and Tanuma[12].
An implementation in 3-D BEM of expressions of anisotropindamental solutions and
its derivatives using the Stroh formalism, as introduced.ég [10], was recently devel-
oped by Shialet. al.[13, 15], Tanet. al.[14] and Buroniet. al.[16].

In the specific case of transversely isotropic materialsetkgressions deduced by
Pan and Chou [17] are usually used in BEM codes [18, 19]. Li@0] and Ariza and
Dominguez [23] presented the expressions of the stromygykar and hypersingular ker-
nel, respectively, obtained from Pan and Chou’s [17] sotuti This solution [17] has
several features which make somewhat cumbersome its inepliation covering all pos-
sible casesi) expressions depending on the values'of= /C11C33 — C13 — 2Cyy
(positive, negative or zero) and in particular its complexiable character foAA < 0;

i) a loss of precision and/or a division by zero for the sphédogle¢ = 7 or ¢ = 0.

In the previous expressions it is assumed thatthexis is the rotational symmetry axis
of the transversal isotropic material. Although the diffigwvith the degeneracy problem
at¢ = m has been solved by Loloi [20] by means ofah hocapproach, the mentioned
features may still cause some difficulties in using this egpion in further analytic de-
ductions and in BEM development. Other authors as, [@ingal.[21] also presented
a fundamental solution for transversely isotropic medithwiomplex-variable charac-
ter. While, Yue [22] presented the fundamental solutiondigplacement and tractions
for different bimaterial systems, that can be used in thpldcement boundary integral
equation.

The aim of the present work is to obtain completely generdl @nsed-form real-
variable expressions @f,;(z) and its first and second order derivativés; ;(x) and
Uir,ji(x) (i,7,k,1 = 1,2,3), valid for any transversely isotropic material and simple
than the available expressions of the fundamental solw@mhits derivatives, with an
arbitrary spatial orientation and allowing for an easy affidient computational imple-
mentation. The use df;;(x) expression introduced by Ting and Lee [9] and the trans-
formation rule introduced therein, that was corrected atereled in [1], are crucial for
the achievement of this aim.

2. Fundamental solution and itsderivatives for linear elastic
anisotropic materials

Consider a cartesian coordinate system x», x3) with the originO and the correspond-
ing spherical coordinate system 60, ¢), see Fig. 1.

The fundamental solution in displacemebig originated by the unit concentrated
force atO, and its derivatives, can be expressed in terms of the $edcalodulation



V. Mantic et al./ Electronic Journal of Boundary Elements, Vol. 10, No. 1, pp. 1-41 (2012)

functions depending only on the spherical anglesd¢ in the following form:
1

Uir(r,0,0) = 1—Uir(6,9), (1)
1 ~

Uir,j(r,0,0) = mUik;j(97¢)a (2)
1 ~

Uik,je(r,0,0) = mUik;jz(ﬁ’ﬂbﬁ )

wherei, j, k.l = 1,2,3 and ‘widehat’ symbol denotes the modulation functions &f th
fundamental solution, and also of its derivatives, withpexs to cartesian coordinates.
The modulation functions are independent of the radiusspherical coordinates. While
a comma between subscripts denotes a derivative with regpaccartesian coordinate,
a semicolon in a modulation function is used only (mnematexdily) to represent that
this function is associated to the corresponding deriedternel in (2) or (3).

Malén [6] and others showed that

Ui (0, ¢) = Hy,(6, ), (4)

where H;;, is the Barnett-Lothe tensor of the Stroh formalism of thesammbpic elas-

ticity. A novel approach for obtaining an analytic expressof H,;, was introduced by

Ting and Lee [9]. By applying standard rules for differetitia with respect to cartesian
coordinates in (2) and (3) we obtain

~

Uik;j (9a d)) :Hik,j (Tv 97 ¢)7 - Hik(¢a 9)%]’ ) (5)
ﬁik;jl (9, ¢) :Hik,jl (Tv 97 ¢)T‘2 - Hik,j (7‘; 9; ¢)>T.,Z7ﬂ - Hik,f (Tv 97 QS)T‘J'T‘
— Hi(0,¢) (050 — 37 470) , (6)

wherer ; (0, ¢) = r;(r,0,¢)/r.
By conveniently introducing new modulation functions abéal from the derivatives
of H;,(0, ¢) as

Hik,j (T‘a9a¢> = Tﬁlﬁik;j(ov(b)v (7)
Hik,jé (T‘, 9; (;5) = TﬁQﬁik;jé (97 ¢)7 (8)

the modulation functigns of theAderivativeslI(szk can be expressed in terms of the mod-
ulation functionsy,, Hx.; andHyje,

ﬁik;j (97 ¢) :ﬁik;j (95 (//)) - Hik (97 ¢)T7j, (9)
ﬁik;j€(97 ®) :ﬁik;jé(ea ¢) — ﬁik;j(ev ¢ — ﬁik;((ev P)r
— Hi(0,0)(050 — 3r47.0). (10)

Thus, in order to achieve expressions of the modulationstiims (A]Z-k, ﬁ’ik;j and
ﬁik;ﬂ suitable for implementation in BEM codes we need to deduneig¢and as simple
and compact as possible expressions of modular func&bnsﬁik;j andﬁik;jg. As will
be shown, for transversely isotropic materials simple antgact expressions of these
modulation functions are only needed for a particular cowig plane including thes-
axis, the planes; = 0 being used in the present work.
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3. Modulation function of the fundamental solution and of itsderiva-
tivesfor linear elastic transversally isotropic materials
3.1. Transformation laws

The key idea in the present approach for the evaluation afibulation functionffik;j
andﬁik;jg is to generalize the procedure proposed by Ting and Lee {3hBevaluation
of ﬁik = H;;. This procedure will be sketched briefly in what follows. lustdefine a
vectorz corresponding to a vectar = (1, x2, 23) as

T = (7‘12, 0, Zg), where 712 = 4/ SC% + SC% (11)

Letc = cos¢ = xz3/r ands = sin¢g = r12/r, the anglep, 0 < ¢ < , being shown
in Fig. 1. Then, definingr = (¢, 0, —s) andm = (0, 1,0), [n, m,Z/r] forms a right-
handed triad.

.
P X3 §‘~\\\
/\\31"- ___________ -—‘/i X
X !
\?|o/
i 1
1
1
0 i
| : >
Y '
3 12 ! X2
9 I
Xy

Figure 1: Pointsc andz in spherical coordinates associated to a transverselsofsot
material.

Assuming that the:s-axis is the rotational symmetry axis of the material coessd
here, general expressions of the modulation functions@e)U;., U;.,; andUsy ;. for
anyz, in terms ofcos andsin functions of spherical anglesandd of , see Fig. 1, can be
obtained from the expressions of these modulation funstionthe corresponding point
z by the following transformation of the components of thasections:

Uin(x) = Qa0 Uas (), (12)
ﬁik;j (33) = Qianijcﬁab;c(fﬁ)a (13)
Uik;jé(w) = QianijcQédﬁab;cd(i)v (14)
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where the rotation matri is defined as

cosf) —sinf 0
Q) = [ sin® cosf 0], (15)
0 0 1

the angled, 0 < 6 < 2, being shown in Fig. 1.

Hence, if expressions of the modulation functions for a p@ifsituated on the sym-
metry planer, = 0) suitable for an efficient computer implementation arelatée, then
it can be expected that the above transformation rules @alll lto an efficient computer
implementation of these modulation functions for any gahgointx as well. As will be
shown in what follows this is the case of transversely iqutronaterials with the:3-axis
being rotational symmetry axis.

It should be stressed that the transformation rules in @2db not hold for general
anisotropic materials (or any other orientation of tramsgly isotropic materials) as these
rules are exclusively associated to the above mentionational symmetry of the mate-
rial with respect to the:z-axis.

With reference to the plane, = 0 (i.e. 8 = 0) it will be useful to evaluate the
particular expressions &2(#) and its derivatives with respect fcaté = 0,

1 00 0 -1 0
Q0 =(0o 1 of, QO=|1 0 0f, (16)
00 1 0 0 0
-1 0 0
Q"0)=10 -1 0
0 0 0

The expressions of the derivatives with respect to carieiardinates of a modula-
tion functionf (6, ¢) for 6 = 0 take the simple form:

fi=r"tcosf, fo=r"ts100f, f3=-1r""50,f, (17)
and
Fir =172 (RO f — 2es0sf) for =172 (s 2090 f +cs'0sf)
fa3 =172 (s%0psf + 2¢50sf) fia=1"2(cs ' Opof — s 200f), (18)

fiz= r2 (—csa¢¢f — (02 — 52)8¢f) , foz= —7“728(,59f.
The components of the unit vectorare

ri=s, rp2=0 rz=c (29)

)

3.2. Modulation function ﬁ,-k

Explicit expressions for the non-zero terms of the modulathnctionﬁik(e =0,¢) =
H;i.(6 =0, ¢) in the planezs = 0, can be obtained as shown in [9], see also [1],

Hyy 0 Hips
HZ)=| 0 Hyp 0 |, (20)
Hiz 0 Hss
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whereH;,, = H;;(0, ¢) are expressed as

2 2
Hyy = 1 n Cyac* + Cs3s B i
Cssf3 C11Cuagh &
1
Hyy = + i,
Cung ¢ (21)
1 { h+ ¢? 52 }
33 — ~ 5
gh | Cu Cii
Hy3 = Hy3s,
and o o
I~{13 _ (Ci3 4+ Cua)c

C11Caagh
{Cbbc + Cyy8? }1/2

22
B { 775202 03354}1/2 (22)
011044 C11 ’
2 1/2
7S
={2(h+c ,
{ C11C44}
§=g(h+gBs+53),
h+ 2 h O35>
f= +c " g 4 3358 (23)

Cse CesB3  C11Cus’
n = 011033 — Cf3 — 2013044,

B3, h, g and¢ being bounded and positive dimensionless functions gireerms ofc
ands [9]. This is a key issue for the expressions of modulatiorcfioms presented in the
following sections, as these dimensionless functionstaenly functions appearing in
the denominators. This fact will guarantee the non-singtharacter of the modulation
function expressions presented.

Finally, bringing together Equations (1), (4), (12), (15dg20-23), an explicit and
completely general expression for the fundamental saldifi¢x ) in a transversely isotropic
material is obtained. The form of this expression suitabieafcomputational implemen-
tation obtained by performing explicitly the transformdicated in (12) is given in [1].
The presence of several zero componentElif) and (2 leads to simple and short ex-
pressions of the componentsHf(x).

3.3. Modulation function Us.;

In order to evaluatéAIik;j(H = 0, ¢), we first evaluate the derivatives indicated in (5). By
applying formulas in (17) to (4), the following expressiafsH;,; (6 = 0, ¢) defined
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in (7) are easily obtained in terms of derivativesdy, (0, ¢):

Hiw = cdsHir (0, ),
Hipo = 5~ '09 Hi1.(0, ), (24)

~

Hips = —s05Hii (0, 9).

The required expressions of the first order partial defestofH, (0, ¢) with respect
to angles) and¢ can be evaluated from (12) in view of (4) as follows:

6¢Hik (97 ¢) :Qim(e)an(9)6¢Hmn(07 ¢) (25)
0o H;r (0, ¢) = (ng(G)an(G) + Qim(e)Q;.n(e)) Hpn (0, 9). (26)
For the particular case 6f= 0, and in view of (16), derivatives (25) can be expressed as
8¢Hik (Oa ¢) :Qim(o)ﬂjn(0)8¢Hmn(0; <Z>)
Hi; 0  Hi (27)

= 0 HéQ 0 ’
H{S 0 H§3

whereH,,,, = 0sHnn(0 = 0, ¢) represent the derivatives of the corresponding functions

mn

defined in (21) and will be expressed explicitly later on, dedvatives (26) as

0 Hyy —Hypo O (28)
= H11 — H22 0 H13 )
0 Hys 0

whereH,,,, = Hpn (0, ¢).

The completely general and closed-form expressior@gg(i) can now be easily
obtained by substitution of (24) with (27-28) and (19-2Gpi() considered for a point
z (i.e. 6 = 0). The expressions obtained are presented in a compact fatable for
computer implementation:

. , . . . ,
Uiy = Hyje— Huys, Uige = Higs, Uiz = —Hys — Hiye,
N , N . N ,

Uao;i = Hogc — Hoos, Uszo = Hiz, Usez = —Hyys — Hooc,

T / - ’ (29)
Uss;n = Hyze — Hsss, Uss;3 = —Hggs — Hase,
Uiz1 = Hize — Higs, Uiz = —Hiss — Hize,
where
Hi, = ﬁns, Hyy = f{2257 Hyy = ﬁ335, (30)
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- Cee32 C11Cuagh

- 1 (2 h-2c h §
Hyg=—— [ =2 + 220 — g (2 4+ 2, 31
” gh <C11 Cua ) » <h 9) &)
oo - Csz 0+ O33Cus> ( 1 L9 )
27 CCugh  CiiCu (h+ ) \Crigh  CeeBs€ )’

n 1 (77 — 2C33C66 . Cuag )
&\ Ci11iCuCss  CZPBs)’
Ci3+ Cy
H, = ——=" (% —s*>—~es),
¥ CCugh ( 7es)
g
’y_ g + h7
and
; (Caa — Ceg) c
’ Ce603
=1 ne 5 oy . 2C53cs? 5)
h=— ¢t —57)+ —2c” |,
h (011044 ( ) Cll
_ 1 nc ~
== +h—2c), 32
g g (011044 ) (32)
~ 2(Cys —Ceg)c - L = g
59(%+h+539+5539) Jr%,
66 g
~ il —2c 1 .7 B3gh 2C53¢
- + = (hg+hg - + .
/ Ces Ce63 < g B3 C11C44

In (32), ‘tilde’ functions are related t6%, h’, ¢’, &', and f/, that represent the first order
derivatives with respect to the angigatd = 0) of the corresponding functions defined
in (22-23), in the following way:

By = Bss, W =hs, g =gs ¢ = s, f'=Fs. (33)
‘Tilde’ functions are introduced in order to avoid the pnese of divisions by, that will

lead eventually in divisions by zero when= 0.
The remaining components bfy.;(Z) vanish,

Uig;1 = Ussyi = Ur1,2 = Uiz, = Usgp = Uszyo = Uio;3 = Uazz3 = 0. (34)

It should be mentioned that in the original expressioﬁ’@tg(a), directly obtained by
differentiating (24), the termiff1; — Ha2)/s appeared, which would lead to zero divided
by zero for points at thes-axis. This term, which has a finite limit value for— 0 or r,
has been rewritten in the fori, s, which is well defined for any point with > 0.
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3.4. Modulation function Us.;¢

To determineﬁik;jg(e = 0, ¢), we first evaluate the second order derivatives appearing
in (6). Using formulasin (18) applied to (4), the followingessions off;. ;¢ (0 = 0, ¢)
defined in (8) are easily obtained in terms of derivative&gf(0, ¢):

Hipar = 05, Hik (0, ¢) — 2cs05Hi (0, 6),

Hipio = s 205y Hir (0, ¢) + cs~ ' 0p Hir (0, §),

Hipzs = 52025 Hir (0, 0) + 2¢s94 Hiys (0, ),

Hipao = cs ' 039 Hi (0, ¢) — s 209 Hir (0, §), (35)
Hij1s = —cs02,Hii(0,6) — (¢ — 52)0 Hir (0, 9),

Hippos = —929Hir (0, 9).

Recall the following symmetry relations, due to the intenohing the order of taking
partial derivatives, R R
Hig.je = Higyej- (36)
The required expressions of the second order partial dé@gof H;; (6, ¢) with
respect to angledand¢ can be evaluated from (12) in view of (4) as follows:

925 Hik (0, ) =Qim (0)Q2)n ()0 Himn (0, 8), (37)
ad%eHik (9, ¢ ( im (G)an(e) + ern( )an(‘g)) 6¢Hmn(0a ¢); (38)
(39)

For the particular case éf= 0, and in view of (16), derivatives (37-39) can be expressed
as:

az(bHik(Q(b) :Qim(o) Jn( )8¢¢Hmn(0 ¢)

HY, 0 HY
= 0 Hzp 0], (40)
Hfy 0 HY

050 Hik (0, 6) = (;,,(0)2 (0) + Qi (0)€2},,(0)) O Hrnn (0, 6)

0 H{l—H§2 0
= H{1*H§2 0 H{3 ) (41)

0 Hi, 0

agGHik (0’ (z)) (Qilm( )an( ) + 2Qim( )an( ) + Qi‘m( )Qyn( )) Hm‘n(ov ¢)

—2(Hy — Ha) 0 —Hi3
= 0 2(H11 —HQQ) 0 y (42)

—Hi3 0 0
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whereH)),, = 93 ,H,..(0 = 0,¢) represent the second order derivatives of the corre-
sponding functions defined in (21) and will be expressedieiiglin the following.

The completely general and closed-form expressiorig;pf,(z) can now be easily
gbtained by substitution of (35), (24) and (20) into (10) sidered for a poinz. The
Uir;j¢ €xpressions obtained take the form:

(711;11 :HillcQ - 4H{168 - H1102 —+ 2H1152,
(711;13 = — H{’lcs - 2H{1(02 - 82) + 3H1105,
(711;22 =Hyc—2H9 — Hyy,

(711;33 :H{/152 + 4H{ICS + 2H1162 - H1182,
(712;12 :(Hu — H22)C — f{l2 — Hyy + Hag,
(712;23 = — H|, + H}, — Hycs,

(713;11 :H{%CQ — 4H{3C$ — H1302 -+ 2H13S2,
(713;13 = — H{%CS — 2H{3(02 — 82) -+ 3H1305,

(713;22 = — Hy3 (25 +vy¢) — Hz, (43)
(713;33 :H{/352 -+ 4H{308 -+ 2H1362 — H1382,
(722;11 = 5/202 — 4H5268 — Hyo? + 2H2252,
Usairs = — Hlyes — 2H, (2 — s%) + 3Hacs,

Uaoioo =Hooc+ 2H15 — Haa,
Usz.33 =HYys% + 4Hbocs + 2Hooc? — Haps?,
Usso3 = — Hiz — Hase,
Ussn = §/302 — 4H}3cs — Hazc® 4 2H3ss”,
Uszaz = — Hiyes — 2Hjs(c? — %) + 3Hzzes,
Uss.22 = — H33 + Hasc,
7y 2 / 2 2
Uss;as =Hzys™ + 4Hzzces + 2Hgsc™ — Hazs®,
and R R
Uss,12 = Ui3 22, (44)

where

10



V. Mantic et al./ Electronic Journal of Boundary Elements, Vol. 10, No. 1, pp. 1-41 (2012)

Ciz3+ Cuy [< ?h? ) g"cs+ g'(* — s?)
H,=———— [T 4+——4)ecs—
13 011044hg h g
h'cs + b (2 — s?
- h( )] — Hyz7,
"g—g” h'h—h? v (k' —2cs 2cs
H. — — Ha 9g9—4g CHloy— L “Cs
% » < g* * h? 837 gh Cas * Cii
L1 1 (h” 2(c? 52)+2(0252)>7
gh 044 Cll
297 —g'g 1 < " f+Ef)E— f512> '3 (ffl >
H// e R + - 1 _ Jr ,
2= "o e =2 A
g 268 — 435 n Cyac?® + O338° ( s 99— g _ h'h— h’2)
He 00653 C11Csagh g2 h?
_ 4(C33 — Cag)esy 1 (f” (5”f+§'f')€—f§'2) ¢ (f_f' f)
C11Caagh 3 &2 &2\ ¢
+ (033 — 044)(0 — 52)
C11Cagh ’
2 (Caa — Cép)
A I R Y R 45
? B3 Ce63 ( ) (45)
2
1 3C. n n(c* — s%)
A RC I 2h2+2(3+ 33—7)85%7 ,
h < Cii C1Cyu C11C044
" 1 < " 12 < n ) 2 >
=—|h"—9¢“+ -2 (c"—s ,
g g g C11Cua ( )

é—ll:g <h”+639”+ﬁgg+26§gl+
066

g

(044 — C@(,) (C — 82)>

g ¢
Bygh+ B3g'h + B3h'g  2ghBE
1/ — h// + h " _ _"_ + 2h/ !
f Ce6/33 ( g B3 32 g
~ (hg' + W g)Bs n 2C33(c* — s?)  h' —2(c? — s%)
Cs6/33 C11Cu Céss '

Functions3y, h”, ¢”, ¢ and f” represent the second order derivatives with respect to the
angleg of the corresponding functions defined in (22-23).
The remaining components bik .1(2) vanish,

Uir;12 = Ur1;23 = Ui2;11 = Ui2;13 = Ui2:22 = Up2:33 = Uiz;12 = U13;23 = 0

Uazi12 = Uazjo3 = Uaziin = Uszzjiz = Uszioo = Uszz3 = Usziia = Uszpez = 0. (46)

11
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4. Final Remarks

The above closed-form expressions of the fundamentalisolaind its derivatives can
be directly used to deduce expressions of the boundaryraitkgrnelsT;,, D;;, and
Sij1 in the Somigliana displacement and stress identities [8428], after application
of the constitutive law, as shown by Tavaet al. [1, 2]. Explicit expressions of these
kernels suitable for simple and efficient computer impletaton are presented, and their
correctness tested on some examples with known analytii®os in Tavarat. al.[1, 2]
An advanced application was also introduced in [2]. Soméspdb several terms of the
fundamental solution and its derivatives are presentecipefdix A.

The main advantage of the present formulation is that unégpeessions in real vari-
able covering all orientations of the transversely isatrepaterials and all combinations
of materials parameters are obtained. These features baegan achieved by any other
previous expressions to the best knowledge of the authors.

Additionally, these expressions seem to be more efficiaricerning the computa-
tional time, than previous expressions, which have alsam beplemented in our 3-D
BEM code for the purpose of comparison. One of the reasorhfsrefficiency consists
of the relatively large number number of vanishing compasiehthe modulation func-
tions forz: 2 terms from 6 foU;,(z), 8 terms from 18 folV;.,;(Z), and 16 terms from
36 for ﬁik;jg(aﬁ"). It should be noticed that a Fortran subroutine containlhtha above
mentioned expressions is presented in Appendix B.

APPENDIX A: GRAPHICAL REPRESENTATION OF SOME TERMS OF THE
FUNDAMENTAL SOLUTION AND ITS DERIVATIVES

The properties of the fundamental solution and its dexeatpresented in the present
work are illustrated in the following Figures. Some terms plotted for the 3 different
cases of material combinations,= \/C11Cs3 — C13 — 2Cy4 (pOSitive, negative or zero).
The material properties used are the ones presented in Tab[&]. The plots were done
by means of the computer software Mathematica Version 8.0.

12
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Figure 2:Uy; in planexy = 0, for A < 0.
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Figure 3:U1; in planexy = 0, for A = 0.
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1o 10

Figure 4:Uy, in planexy = 0, for A > 0.
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Figure 5:U;1 1 in planez, = 0, for A < 0.
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1.0

Figure 6:U;1 1 in planez, = 0, for A = 0.

Figure 7:U;1 1 in planez, = 0, for A > 0.
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Figure 9:U;; 11 in planez, = 0, for A = 0.
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Figure 11:U;3 in planez, = 0, for A < 0.
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1o 10

Figure 12:U,3 in planex; = 0, for A = 0.

Figure 13:U;3 in planezy = 0, for A > 0.
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Figure 14:U;3; in planexz, = 0, for A < 0.
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Figure 15:U;3,; in planezy = 0, for A = 0.
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1o 10

Figure 16:U;3,; in planexz, = 0, for A > 0.

Figure 17:U;3,11 in planez, = 0, for A < 0.
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Figure 19:U3,11 in planez, = 0, for A > 0.
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Figure 21:Us3 5 in planex, = 0, for A = 0.
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Figure 22:Us3 2 in planex, = 0, for A > 0.
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Figure 23:U33 in planez, = 0, for A < 0.
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1o 10

Figure 24:U33 in planex; = 0, for A = 0.
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Figure 25:U33 in planez, = 0, for A > 0.
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Figure 26:Uss 1 in planexz, = 0, for A < 0.
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10 -1.0

Figure 27:Uss 1 in planezy = 0, for A = 0.
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1o 10

Figure 28:Uss ;1 in planex, = 0, for A > 0.
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Figure 29:Uss 3 in planexy = 0, for A < 0.
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Figure 30:Uss, 3 in planexz, = 0, for A = 0.

10 -1.0

Figure 31:Uss 3 in planexy = 0, for A > 0.
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Uss.ai

Figure 32:Uss 11 in planexs = 0, for A < 0.
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Figure 33:Uss 11 in planez, = 0, for A = 0.
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Uss.ii

Figure 35:Us3 31 = Uss 13 in planezy = 0, for A < 0.
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Figure 37:Uss.31 = Usz 13 in planex, = 0, for A > 0.
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APPENDIX B: FORTRAN SUBROUTINE THAT CALCULATES THE
FUNDAMENTAL SOLUTION AND ITS DERIVATIVES

Subroutine that calculates the Green Function and its
derivatives: U{ik}, U{ik,j} and U{ik,jl} (gu, upf

and uppf as defined in the subroutine). The expressions
can be used in the displacement and traction boundary
integral equations for any 3D transversely isotropic sdli
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subroutine UikUikjUikjl(X,c11,c12,c13,¢c33,c44,¢c66,gu,upf,uppf)

Input variables:

radius vector between the source point and field point
real*8 x(3)

Transversely isotropic elastic stiffness constants
C.{1111}=cl11, C.{1122}=cl2, C_{1133}=cl3,

C_{3333}=c33, C_{2323}=c44, C_{1212}=c66

real«8 cl11,c12,c13,c33,c44,c66

Output variables

real*8 gu(3,3) Displacement fundamental solution
real«8 upf(3,3,3) First order derivatives

real«8 uppf(3,3,3,3) Second order derivatives
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implicit none

Model parameters

Elastic stiffness constants

real «x8 c11,cl12,c13,c33,c44,c66

H tensor and Displacement fundamental solution
real *«8 Htheta(3,3),gqu(3,3)

First and second order derivative of the
displacement fundamental solution

real «8 upf(3,3,3),uppf(3,3,3,3)

First and second order derivatives (when x2=0)
real «8 upg(3,3,3),uppg(3,3,3,3)

First and second order derivatives modulation
functions (indepedent of r)

real«8 up(3,3,3),upp(3,3,3,3)

cos[phi] and sin[phi]; cos[theta] and sin[theta]
real«8 c,s,ct, st

Aux. variables

real «x8 eta ,h,g,beta3  xi,f,x1,x2,x3,gamma
Derivatives of aux. variables

real «8 hp,gp,beta3p,xip, fp

real *8 hg,gg, beta3g, xig, fg

real «8 hpp,gpp,beta3pp, xipp,fpp

extra variables

real «8 pi,rt,rl2

New aux. variables

real *8 H11,H22,H33,H13

real «8 H1lp,H22p,H33p,H13p,H12g,H13g

real «8 H1llpp,H22pp,H33pp,H13pp,H1llg,H22g,H33g
Radius vector between the source point and field point
real «x8 x(3)

Local variables
integer i,j,k,I,m,n,flagsd

pi=4.d0«datan (1.d0)

rt=dsqrt (X(1x*2+x(2)x*x2+x(3)x*2)
x1=x(1);x2=x(2);x3=x(3)

—— Calculate aux variables—

r12=dsqrt (x(1x*2+x(2)x%2)

c=x(3)/rt

s=rl2/rt

eta=clkc33—cl3xx2—2.xcl3«xc44

beta3=dsqrt ((c66c*+x2+c44«sxx2)/c66)
h=dsqrt(ckx4+(etarsksxcxc/(cllxcdd))+(c33«(sxx4)/cll))
g=dsqrt (2 (h+cxx2)+etaxs*xx2/(cllxc4d4))
xi=gx(h+gxbeta3+beta3d3betal)

— Calculate Hx matrix components—
H11=(1/(c66:«betal3 ))+((cd44&cxc+c33«sxs)/(cllxcddxgxh))

32



V. Mantic et al./ Electronic Journal of Boundary Elements, Vol. 10, No. 1, pp. 1-41 (2012)

& —(1/xi)*((h+cxc)/c66+gch/(c66«beta3)+c33sxs/(cllxcd4d))
H22=(1/(cllxg))+(1/xi)*((h+cxc)/c66+gch/(c66xbetald)+c33sxs/
&(cllxc44))
H33=(1/(h«g))*((h+cxc)/cd4+sks/cll)
H13=cxsx(c13+c44)/(clkcdd«gxh)

— Calculate Cos(theta) and Sin(theta) rotation matrix—
ct=x(1)/r12

st=x(2)/r12

—— Calculate Htheta tensor components—
Explicit rotation (faster than implicit)
Htheta (1,1)=Hli%ctx*x2+H22« Stx**2

Htheta (1,2)=(H1&H22)« ctx* st

Htheta (1,3)=H13ct

Htheta (2,2)=H22ct**2+H11x Stx*2

Htheta (2,3)=H13 st

Htheta (3,3)=H33

Htheta (2 ,1)=Htheta (1,2)

Htheta (3 ,1)=Htheta (1,3)

Htheta (3,2)=Htheta (2,3)

gu=Htheta/(4.d@pixrt)

—— Calculate aux variables—
f=(h+cxc)/C66+gch/(C66xbeta3)+C33sxs/(C1l1xC44)
H12g=C33/(C1%C44xgxh)—(etaxCc**x2+C33«Cldxsxx2)x(1/(Cllxgxh)+
&g/ (C66«xbeta3«xi))/(CllxCa4x(h+c*x2))+((eta—2«C33+C66)/
&(C1l1+xC44+«C66)+(Cl4g)/(C66«xx2xbeta3d ))/ xi
beta3g=(C44C66)xc/(C66«beta3)

hg=(((etasc)x(Crs2—S*#2))/(CL1xCA4)+ (2 +C33xcxs*2)/CLlL
&2.%c+3)/h

gg=((etaxc)/(C11xC44)+hg—2.xc)/g
Xxig=gx(2xcx(C44-C66)/C66+hg+beta8gg+betald3gg)+gg«xi/g

fg=2+cxC33/(C11C44)+(hg—2«c )/ C66+
&(hxgg+hgrg—beta3grgxh/beta3 )/ (C66betal)

H33g=(2«c/C11+(hg-2xc)/C44)/(h«g)—H33x(gg/g+hg/h)
H229=-99/(Cllxgx*=2)+(fg—xig=f/xi)/ xi

Hllg=beta3g/(C66beta3«x2)—(C4dxcxx2+C33«s**x2)*x(gg/g+hg/h)/
&(C11%Caaxhxg)+2+(C33-C44)x [ (CL1xChdshsg)— (fg—xig+f/ xi )/ i

beta3p=beta3gs
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hp=hg«s

gp=gg+s

Xip=Xig*$s

fp=fgxs

H1lp=H11lgs

H22p=H22gs

H33p=H33gs

gamma=gp/g+hp/h

H13g=cx(C13+C44)/(C1%C44xgxh)

H13p=(C13+C44 } (c**2—sxx2—CxSxgp/g—CcxSxhp/h)/(ClkC44«hxq)

— First Order Derivatives of GU— (d2U/dxidxj) when x2=0

upg=0.d0
upg(1,1,1)=H1l1lpc—H1l1lxs
upg(2,2,1)=H22pc—H22xs
upg(3,3,1)=H33pc—H33xs
upg(1,3,1)=H13pc—H13xs
upg(3,1,1)=upg(1,3,1)
upg(2,3,2)=H13g
upg(1,2,2)=H12¢gs
upg(2,1,2)=upg(1,2,2)
upg(3,2,2)=upg(2,3,2)
upg(1,1,3)=—H11lpxs—H1llxc
upg(2,2,3)=—H22pxs—H22x«c
upg(3,3,3)=—H33p«xs—H33«c
upg(1,3,3)=—H13p«xs—H13«c
upg(3,1,3)=upg(1,3,3)

—— Calculate up tensor components from upg—

Explicit rotation (faster than implicit)
up(1,1,1)=ct«(upg (1,1 ,1)ct*x2+(2xupg(1,2,2)+upg(2,2,1}stxx2)
up(1,1,2)=st((upg(1,1,1)2%xupg(l,2,2)kctxx2+upg(2,2,1) Stxx2)
up(1,1,3)=upg(l,1,3)ct**x2+upg(2,2,3) st**2
up(1,2,1)=st(upg(1,2,2)k st**x2+(upg(1,1,1)>upg(l,2,2)
&—upg(2,2,1)kctxx2)
up(1,2,2)=ctx(upg(1,2,2xct*xx2+(upg(1,1,1)upg(1,2,2)
&—upg(2,2,1) )k Stxx2)

up(1,2,3)=ckstx(upg(l,1,3)»upg(2,2,3))
up(1,3,1)=upg(1l,3,lyctx+x2+upg (2,3 ,2% St**2
up(1,3,2)=ckstx(upg(1,3,1)»upg(2,3,2))
up(1,3,3)=upg(l,3,39ct
up(2,2,1)=ctx«((upg(1,1,1)>2xupg(1,2,2)x stxx2+upg(2,2,1}x ctxx2)
up(2,2,2)=st(upg(1,1,1) st*x2+(2xupg(1,2,2)+upg(2,2,1ctx*2)
up(2,2,3)=upg(l,1,39st«xx2+upg(2,2,3% ct*x*2
up(2,3,1)=ctstx(upg(1,3,1)>upg(2,3,2))
up(2,3,2)=upg(1l,3,19st«xx2+upg (2,3 ,2% Cct**2
up(2,3,3)=upg(1,3,39st

up(3,3,1)=upg(3,3,19ct
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up(3,3,2)=upg(3,3,1yst
up(3,3,3)=upg(3,3,3)
up(2,1,1)=up(1,2,1)
up(2,1,2)=up(1,2,2)
up(2,1,3)=up(1,2,3)
up(3,1,1)=up(1,3,1)
up(3,1,2)=up(1,3,2)
up(3,1,3)=up(1,3,3)
up(3,2,1)=up(2,3,1)
up(3,2,2)=up(2,3,2)
up(3,2,3)=up(2,3,3)

upf=up/(4.d0Gpixrt«=x2)

—— Calculate NEW aux variables—
beta3pp=beta3p«x2/beta3 +(C44C66 )« (cxx2—sxx2)/(C66«betal)

hpp=(—hp*x2—2xhxx2+2x Cx*x2x Sxx2%(3+3xC33/Cll-eta /(ClkC44))+
&etax((cxx2—s*x2)x*x2)/(C11xC44))/h

gpp=(—gp*x*x2+(cxx2—sxx2)x(eta/(ClkC44)-2)+hpp)/g

Xipp=2«gp=*(Xip/g—gpxXi/(g**2))+g*(2+(C44-C66 )« (cx+x2—s*x2)/C66
&thpp+2«beta3pcgp+beta3kgpp+beta3ppg)+gpp«xi/g

fpp=2xC33x(Ccxx2—s*+x2)/(CL11xC44)+(hpp—2«(C*xx2—s**2))/ C66+
&(2xhpxgp+hxgpp+hpprg—(beta3ppgxh+beta3pgpxh+beta3phpxg)/ beta3
&+2xgxhxbetaldptx2/(beta3xx2))/(C66xbetal)
&—(hxgp+hpxg)xbeta3p/(C66beta3«x2)

H13pp=H13p+xgamma+(C13+C44) —4xcxS—((Cx*x2—S**2)xgp+cxSxgpp )/ g
&((c*x2—sxx2)xhp+cksxhpp )/ h+cesx((gp/g)xx2+(hp/h)xx2))
&/(C11xC44xhxq)

H33pp=—(gp/(hxg*x2)+hp/(gthx%x2))x(2xcxs/Cll+(hp-2«cxs)/C44)+
&(2x(cxx2—s**x2)/CLll+(hpp-2x(cxx2—s*%2))/ C44)/(g«h)—H33pxgamma-
&H33 x ((gpp+xg—gp**2)/(g**2)+(hpprh—hpxx2)/(hxx2))

H22pp = (2 «(gp*+2)—gpp+g )/ (Cllxgx+3)+ xip«(fxxip/xi—fp )/ ( Xi xx2)+
&(fpp —((xipp*f+xip*fp)s xi—fxXip xx2)/( Xi*x*x2))/ Xi

H1llpp=(2<beta3p*x2—beta3ppbeta3 )/ (C66beta3«x3)—4xCcxsx(C33-C44)
&+xgamma/(C1l%kC44xgxh)+(Chd«Ccx+x2+C33« S+ 2)* (gammax2—
&(gppxg—gp**x2)/(g**x2)—(hppxh—hpxx2)/(hxx2))/(C1l1x«C44xgxh)+
&2%(C33-C44 )k (Ccxx2—S*xx2)/(CL11x«C44xgxh)—Xxip =« (fxxip / xi —fp )/ ( Xi**%2)—
&(fpp —((xipp*f+xip*fp)s xi—fxXip xx2)/( Xi*x*x2))/ Xi

— Second Order Derivatives of GY— (d2U/dxidxj) when x2=0
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uppg=0.do0
uppg(1,1,1,1)=H1lppc**2—4xH1lpxcxS—HIL1LlxCx#2+2x H11lx Sx 2
uppg(1,1,1,3)=H1llpp«c*s—2«xH11lp«*(Cx*2—S**2)+3xH1llxCxS
uppg(1,1,2,2)=H1llgc—2xH12g-H11
uppg(1,1,3,3)=H1lpps**2+4xH1lpxCxS+2xH1lxCxx2—HI11lxSxx2
uppg(1,2,1,2)=(H11gH22g)xc—H12g-H11+H22
uppg(1,2,2,3)=H11p+H22p-H12g«CcxsS

uppg (1,3,1,1)=H13ppc**2—4xH13pxCxS—HI3x Ck*2+2x H13% Sk %2
uppg(1,3,1,3)=H13ppxc*sS—2«xH13px*(Cx*2— Sx*2)+3x H13xCxS
uppg(1,3,2,2)=H13g* (2« s+tgammac)—H13

uppg (1,3,3,3)=H13pps*+2+4xH13pxC*xS+2xH13% Cx*+2—H13% S**2
uppg(2,2,1,1)=H22ppc**2—4xH22px Cx S—H22:x C 2+ 2 H22% S % 2
uppg(2,2,1,3)=H22ppxCc*xS—2xH22px* (Cx*2— Sx*2)+3x H22xCx S
uppg(2,2,2,2)=H22gc+2«H12g-H22
uppg(2,2,3,3)=H22pps*+2+4x H22pxCx S + 2« H22x Cxx2— H22% Sx % 2
uppg(2,3,2,3)=H13p-H13g«xc

uppg (3,3,1,1)=H33ppc**2—4xH33p+ Cx S—H33x C*2+2+x H33* Sk %2
uppg(3,3,1,3)=H33ppxc*s—2xH33px* (Cx*x2— Sx*2)+3x H33xCxS
uppg(3,3,2,2)=H33+H33g+cC

uppg (3,3,3,3)=H33pps*+2+4xH33pxCx S +2xH33x Cxx2—H33 S x 2
uppg(2,3,1,2)=uppg(1,3,2,2)

Explicit rotation (faster than implicit)
upp(1,1,1,1)=uppg(1,1,1,k)ct«xd+uppg(1,1,2,2) ct**x2x Stxx2+4
&+xuppg (1,2,1,2% ctxx2x Stxx2+uppg(2,2,1,1) ctxx2x sStxx2+uppg(2,2,2,2)
&*xSt*xx4

upp(1,1,1,2)=uppg(1,1,1,%k)stxctx«3—uppg(1,1,2,2% StxCt*%3
&—2xuppg(1,2,1,2) stxct*x3+2xuppg(1,2,1,2¥% ctxstxx3+uppg(2,2,1,1)
&xctxstxx3—uppg(2,2,2,2) CtxStxx3

upp(1,1,1,3)=uppg(1,1,1,3)ct*x3+2xuppg(1l,2,2,3% ctxSt*x2
&+uppg (2,2 ,1,3k ctxStxx2

upp(1,1,2,2)=uppg(1,1,1,k)ct**2+ Sstxx2+uppg(1,1,2,2) ctxx4
&—4xuppg (1,2,1,2} ct**x2x Stxx2+uppg (2,2 ,1,1} stx+x4+uppg(2,2,2,2)
&xClxk2% Stkx2

upp(1,1,2,3)=uppg(1l,1,1,3)stxctxx2—2xuppg(1,2,2,3) Stxctx*2
&+uppg(2,2,1,3) stxx3

upp(1,1,3,3)=uppg(1,1,3,3)ctxx2+uppg(2,2,3,3} st**2

upp(1,2,1,1)=uppg(1,1,1,%k)stxct«x3+uppg(l,1,2,2} ctxStx%3
&—2xuppg(1,2,1,2¥ stxctxx3+2xuppg(1,2,1,2}% ctxstxx3—uppg(2,2,1,1)
&xstxCctxx3—uppg(2,2,2,2) CtxStxx3

upp(1,2,1,2)=uppg(1,1,1,k)ct*x2* stxx2—uppg (1,1,2,2% Ct*x2x Stx*2
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&+uppg (1,2 ,1,2k ctxx4—2xuppg(1,2,1,2¥ ctxx2x Stxx2+uppg(1,2,1,2)
&xStxxd—uppg (2,2 ,1,1} ct*+x2% Stxx2+uppg(2,2,2,2) Ct**2% Stx*2

upp(1,2,1,3)=uppg(1,1,1,3)stxctxx2—uppg(1,2,2,3% StxCtxx2
&+uppg (1,2,2,3 ) stxx3—uppg(2,2,1,3} stxcCtxx2

upp(1,2,2,2)=uppg(1,1,1,k)ctxst«xx3+uppg(l,1,2,2} Stxct*%3
&+2xuppg (1,2,1,2% stxctxx3—2xuppg (1,2,1,2) ctxstxx3—uppg(2,2,1,1)
&xCt*Stxx3—uppg(2,2,2,2) stxctxx3

upp(1,2,2,3)=uppg(1,1,1,3)ctxst«xx2+uppg(1l,2,2,3} ctxx3
&—uppg(l,2,2,3xctxstxx2—uppg(2,2,1,3} ctxStxx2

upp(1,2,3,3)=uppg(1,1,3,3)ctxst—uppg(2,2,3,3}ctxst
upp(1,3,1,1)=uppg(1,3,1,%k)ct*+x3+3xuppg(1,3,2,2} ct*xStx*2

upp(1,3,1,2)=uppg(1,3,1,k)stxctxx2—2xuppg(1,3,2,2) stxcCt**2
&+uppg (1,3,2,2k stxx3

upp(1,3,1,3)=uppg(1,3,1,3)ctxx2+uppg(2,3,2,3} st*x2

upp(1,3,2,2)=uppg(1,3,1,k)ctxst«x2+uppg(1l,3,2,2} ctxx3
&—2xuppg (1,3,2,2x ctxStxx2

upp(1,3,2,3)=uppg(1,3,1,3)ctxst—uppg(2,3,2,3}ctxst

upp(1,3,3,3)=uppg(1,3,3,3)ct

upp(2,2,1,1)=uppg(1,1,1,k)ct**2x stxx2+uppg(1,1,2,2) Stxx4
&—4xuppg (1,2,1,2} ct**x2x Stxx2+uppg (2,2,1,1} ctx+x4+uppg(2,2,2,2)
&*xClx#2% Stkx2

upp(2,2,1,2)=uppg(1,1,1,%k)ctxstx«x3—uppg(1,1,2,2% ctxStx*3
&+2xuppg (1,2,1,2% stxctxx3—2xuppg(1,2,1,2) ctxstxx3+uppg(2,2,1,1)
&xstxCctxx3—uppg(2,2,2,2) stxctxx3

upp(2,2,1,3)=uppg(1,1,1,3)cts Stsx2-2+uppg(1,2,2,3) Ctxstxx2
&+tuppg(2,2,1,3) ctxx3

Upp(2 72 12 ,2):Uppg(1 11 11 :l‘)St**4+Uppg(l xl 12 12% Ctx*x2% Stxx2
&+4xuppg (1,2,1,2) ct*x2% Stxx2+uppg (2,2 ,1,1) Ctxx2x Stx*2
&+uppg(2,2,2,2) ctxx4

upp(2,2,2,3)=uppg(1,1,1,3)stxx3+2xuppg(1l,2,2,3}% Stkct*x2
&+uppg (2,2 ,1,3k Stxctxx2

upp(2,2,3,3)=uppg(1,1,3,3)stxx2+uppg(2,2,3,3} ctx*x*2
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upp(2,3,1,1)=uppg(1,3,1,%k)stxct+x+x2—2xuppg(1,3,2,2) Stxctxx2
&+uppg (1,3,2,2k stxx3

upp(2,3,1,2)=uppg(1,3,1,k)ctxstxx2+uppg(1,3,2,2} ct**3
&—2xuppg (1,3,2,2% ctxStxx2

upp(2,3,1,3)=uppg(1,3,1,3)ctxst—uppg(2,3,2,3}ctxst
upp(2,3,2,2)=uppg(1,3,1,%)stxx3+3xuppg(1,3,2,2% Sstkct**2
upp(2,3,2,3)=uppg(1,3,1,3)stxx2+uppg(2,3,2,3} ctx*x2
upp(2,3,3,3)=uppg(1,3,3,3)st
upp(3,3,1,1)=uppg(3,3,1,%k)ctxx2+uppg(3,3,2,2} St**2
upp(3,3,1,2)=uppg(3,3,1,%k)ctxst—uppg(3,3,2,2)ctxst
upp(3,3,1,3)=uppg(3,3,1,3)ct
upp(3,3,2,2)=uppg(3,3,1,%)stxx2+uppg(3,3,2,2} ct*x*2
upp(3,3,2,3)=uppg(3,3,1,3)st
upp(3,3,3,3)=uppg(3,3,3,3)

Symmetry

upp(1,1,2,1)=upp(1,1,1,2);upp(1,1,3,1)=upp(1,1,1,3)
upp(1,1,3,2)=upp(1,1,2,3);upp(1,2,2,1)=upp(1,2,1,2)
upp(1,2,3,1)=upp(1,2,1,3);upp(1,2,3,2)=upp(1,2,2,3)
upp(1,3,2,1)=upp(1,3,1,2);upp(1,3,3,1)=upp(1,3,1,3)
upp(1,3,3,2)=upp(1,3,2,3);upp(2,2,2,1)=upp(2,2,1,2)
upp(2,2,3,1)=upp(2,2,1,3);upp(2,2,3,2)=upp(2,2,2,3)
upp(2,3,2,1)=upp(2,3,1,2);upp(2,3,3,1)=upp(2,3,1,3)
upp(2,3,3,2)=upp(2,3,2,3);upp(3,3,2,1)=upp(3,3,1,2)
upp(3,3,3,1)=upp(3,3,1,3);upp(3,3,3,2)=upp(3,3,2,3)

Reciprocity
upp(3,1,1,1)=upp(1,3,1,1);upp(3,1,1,2)=upp(1,3,1,2)
upp(3,1,1,3)=upp(1,3,1,3);upp(3,1,2,1)=upp(1,3,2,1)
upp(3,1,2,2)=upp(1,3,2,2);upp(3,1,2,3)=upp(1,3,2,3)
upp(3,1,3,1)=upp(1,3,3,1);upp(3,1,3,2)=upp(1,3,3,2)
upp(3,1,3,3)=upp(1,3,3,3)

upp(3,2,1,1)=upp(2,3,1,1);upp(3,2,1,2)=upp(2,3,1,2)
upp(3,2,1,3)=upp(2,3,1,3);upp(3,2,2,1)=upp(2,3,2,1)
upp(3,2,2,2)=upp(2,3,2,2);upp(3,2,2,3)=upp(2,3,2,3)
upp(3,2,3,1)=upp(2,3,3,1);upp(3,2,3,2)=upp(2,3,3,2)
upp(3,2,3,3)=upp(2,3,3,3)
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upp(2,1,1,1)=upp(1,2,1,1);upp(2,1,1,2)=upp(1,2,1,2)
upp(2,1,1,3)=upp(1,2,1,3);upp(2,1,2,1)=upp(1,2,2,1)
upp(2,1,2,2)=upp(1,2,2,2);upp(2,1,2,3)=upp(1,2,2,3)
upp(2,1,3,1)=upp(1,2,3,1);upp(2,1,3,2)=upp(1,2,3,2)
upp(2,1,3,3)=upp(1,2,3,3)

uppf=upp/(4.d@pixrt*x3)

return
end
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