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Abstract.

Explicit closed-form real-variable expressions of a fundamental solution and its deriva-
tives for three-dimensional problems in transversely linear elastic isotropic solids are pre-
sented. The expressions of the fundamental solution in displacementsUik and its deriva-
tives, originated by a unit point force, are valid for any combination of material properties
and for any orientation of the radius vector between the source and field points. An ex-
pression ofUik in terms of the Stroh eigenvalues on the oblique plane normalto the
radius vector is used as starting point. Working from this expression ofUik, a new ap-
proach (based on the application of the rotational symmetryof the material) for deducing
the first and second order derivative kernels,Uik,j andUik,jℓ respectively, has been de-
veloped. The expressions of the fundamental solution and its derivatives do not suffer
from the difficulties of some previous expressions, obtained by other authors in differ-
ent ways, with complex valued functions appearing for some combinations of material
parameters and/or with division by zero for the radius vector at the rotational symmetry
axis. The expressions ofUik, Uik,j andUik,jℓ are presented in a form suitable for an
efficient computational implementation in BEM codes.

Keywords: transversely isotropic materials, Stroh formalism, fundamental solution,
free-space Green’s functions, Somigliana identity, boundary integral equations,
boundary element method

1. Introduction

A comprehensive review of the history of the development of fundamental solutions and
their derivatives for general anisotropic materials, and in particular for the transversely
isotropic materials, was recently presented in [1, 2]. Thus, only the most relevant contri-
butions closely related to the present work will be briefly mentioned.

∗Extended version of the Keynote lecture by V. Mantič presented at the International Conference on Bound-
ary Element Techniques IX (BETEQ) in Seville on 10 July, 2008.
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Regarding anisotropic elastic materials, the expression of Uik (i, k = 1, 2, 3) obtained
by Fredholm [3] using a 3D Fourier transform was used in the past as the basis for different
contributions aimed to obtainUik expressions as simple and explicit as possible, e.g.
Lifshitz and Rozentsweig [4].

The application of the Stroh formalism to anisotropic elasticity, see Ting [5], to eval-
uateUik and its derivatives in 3D has shown to be an important approach that leaded to
several substantial contributions starting in the 1970s with Malén [6] and Barnett [7], and
more recently, Nakamura and Tanuma [8], Ting and Lee [9], Lee[10, 11] and Tanuma [12].
An implementation in 3-D BEM of expressions of anisotropic fundamental solutions and
its derivatives using the Stroh formalism, as introduced byLee [10], was recently devel-
oped by Shiahet. al.[13, 15], Tanet. al.[14] and Buroniet. al.[16].

In the specific case of transversely isotropic materials theexpressions deduced by
Pan and Chou [17] are usually used in BEM codes [18, 19]. Loloi[20] and Ariza and
Domı́nguez [23] presented the expressions of the strongly singular and hypersingular ker-
nel, respectively, obtained from Pan and Chou’s [17] solution. This solution [17] has
several features which make somewhat cumbersome its implementation covering all pos-
sible cases:i) expressions depending on the values of△ =

√
C11C33 − C13 − 2C44

(positive, negative or zero) and in particular its complex-variable character for△ < 0;
ii) a loss of precision and/or a division by zero for the spherical angleφ = π or φ = 0.
In the previous expressions it is assumed that thex3-axis is the rotational symmetry axis
of the transversal isotropic material. Although the difficulty with the degeneracy problem
atφ = π has been solved by Loloi [20] by means of anad hocapproach, the mentioned
features may still cause some difficulties in using this expression in further analytic de-
ductions and in BEM development. Other authors as, Dinget. al. [21] also presented
a fundamental solution for transversely isotropic media with complex-variable charac-
ter. While, Yue [22] presented the fundamental solutions indisplacement and tractions
for different bimaterial systems, that can be used in the displacement boundary integral
equation.

The aim of the present work is to obtain completely general and closed-form real-
variable expressions ofUik(x) and its first and second order derivatives,Uik,j(x) and
Uik,jl(x) (i, j, k, l = 1, 2, 3), valid for any transversely isotropic material and simpler
than the available expressions of the fundamental solutionand its derivatives, with an
arbitrary spatial orientation and allowing for an easy and efficient computational imple-
mentation. The use ofUik(x) expression introduced by Ting and Lee [9] and the trans-
formation rule introduced therein, that was corrected and extended in [1], are crucial for
the achievement of this aim.

2. Fundamental solution and its derivatives for linear elastic
anisotropic materials

Consider a cartesian coordinate system(x1, x2, x3) with the originO and the correspond-
ing spherical coordinate system(r, θ, φ), see Fig. 1.

The fundamental solution in displacementsUik originated by the unit concentrated
force atO, and its derivatives, can be expressed in terms of the so-called modulation
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functions depending only on the spherical anglesθ andφ in the following form:

Uik(r, θ, φ) =
1

4πr
Ûik(θ, φ), (1)

Uik,j(r, θ, φ) =
1

4πr2
Ûik;j(θ, φ), (2)

Uik,jℓ(r, θ, φ) =
1

4πr3
Ûik;jℓ(θ, φ), (3)

wherei, j, k, l = 1, 2, 3 and ‘widehat’ symbol denotes the modulation functions of the
fundamental solution, and also of its derivatives, with respect to cartesian coordinates.
The modulation functions are independent of the radiusr in spherical coordinates. While
a comma between subscripts denotes a derivative with respect to a cartesian coordinate,
a semicolon in a modulation function is used only (mnemotechnically) to represent that
this function is associated to the corresponding derivative kernel in (2) or (3).

Malén [6] and others showed that

Ûik(θ, φ) = Hik(θ, φ), (4)

whereHik is the Barnett-Lothe tensor of the Stroh formalism of the anisotropic elas-
ticity. A novel approach for obtaining an analytic expression ofHik was introduced by
Ting and Lee [9]. By applying standard rules for differentiation with respect to cartesian
coordinates in (2) and (3) we obtain

Ûik;j(θ, φ) =Hik,j(r, θ, φ)r −Hik(φ, θ)r,j , (5)

Ûik;jℓ(θ, φ) =Hik,jℓ(r, θ, φ)r
2 −Hik,j(r, θ, φ)r,ℓr −Hik,ℓ(r, θ, φ)r,jr

−Hik(θ, φ) (δjℓ − 3r,jr,ℓ) , (6)

wherer,j(θ, φ) = rj(r, θ, φ)/r.
By conveniently introducing new modulation functions obtained from the derivatives

of Hik(θ, φ) as

Hik,j(r, θ, φ) = r−1Ĥik;j(θ, φ), (7)

Hik,jℓ(r, θ, φ) = r−2Ĥik;jℓ(θ, φ), (8)

the modulation functions of the derivatives ofUik can be expressed in terms of the mod-
ulation functionsHik, Ĥik;j andĤik;jℓ,

Ûik;j(θ, φ) =Ĥik;j(θ, φ) −Hik(θ, φ)r,j , (9)

Ûik;jℓ(θ, φ) =Ĥik;jℓ(θ, φ) − Ĥik;j(θ, φ)r,ℓ − Ĥik;ℓ(θ, φ)r,j

−Hik(θ, φ)(δjℓ − 3r,jr,ℓ). (10)

Thus, in order to achieve expressions of the modulations functions Ûik, Ûik;j and
Ûik;jℓ suitable for implementation in BEM codes we need to deduce general and as simple
and compact as possible expressions of modular functionsHik, Ĥik;j andĤik;jℓ. As will
be shown, for transversely isotropic materials simple and compact expressions of these
modulation functions are only needed for a particular coordinate plane including thex3-
axis, the planex2 = 0 being used in the present work.
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3. Modulation function of the fundamental solution and of its deriva-
tives for linear elastic transversally isotropic materials

3.1. Transformation laws

The key idea in the present approach for the evaluation of themodulation functionŝUik;j

andÛik;jℓ is to generalize the procedure proposed by Ting and Lee [9] for the evaluation
of Ûik = Hik. This procedure will be sketched briefly in what follows. Letus define a
vectorx̂ corresponding to a vectorx = (x1, x2, x3) as

x̂ = (r12, 0, x3), where r12 =
√
x2
1 + x2

2. (11)

Let c = cosφ = x3/r ands = sinφ = r12/r, the angleφ, 0 ≤ φ ≤ π, being shown
in Fig. 1. Then, definingn = (c, 0,−s) andm = (0, 1, 0), [n,m, x̂/r] forms a right-
handed triad.

Figure 1: Pointsx andx̂ in spherical coordinates associated to a transversely isotropic
material.

Assuming that thex3-axis is the rotational symmetry axis of the material considered
here, general expressions of the modulation functions (tensors)Ûik, Ûik;j andÛik;jℓ for
anyx, in terms ofcos andsin functions of spherical anglesφ andθ of x, see Fig. 1, can be
obtained from the expressions of these modulation functions for the corresponding point
x̂ by the following transformation of the components of these functions:

Ûik(x) = ΩiaΩkbÛab(x̂), (12)

Ûik;j(x) = ΩiaΩkbΩjcÛab;c(x̂), (13)

Ûik;jℓ(x) = ΩiaΩkbΩjcΩℓdÛab;cd(x̂), (14)
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where the rotation matrixΩ is defined as

Ω(θ) =



cos θ − sin θ 0
sin θ cos θ 0
0 0 1


 , (15)

the angleθ, 0 ≤ θ < 2π, being shown in Fig. 1.
Hence, if expressions of the modulation functions for a point x̂ (situated on the sym-

metry planex2 = 0) suitable for an efficient computer implementation are available, then
it can be expected that the above transformation rules will lead to an efficient computer
implementation of these modulation functions for any general pointx as well. As will be
shown in what follows this is the case of transversely isotropic materials with thex3-axis
being rotational symmetry axis.

It should be stressed that the transformation rules in (12-14) do not hold for general
anisotropic materials (or any other orientation of transversely isotropic materials) as these
rules are exclusively associated to the above mentioned rotational symmetry of the mate-
rial with respect to thex3-axis.

With reference to the planex2 = 0 (i.e. θ = 0) it will be useful to evaluate the
particular expressions ofΩ(θ) and its derivatives with respect toθ atθ = 0,

Ω(0) =



1 0 0
0 1 0
0 0 1


 , Ω

′(0) =



0 −1 0
1 0 0
0 0 0


 , (16)

Ω
′′(0) =



−1 0 0
0 −1 0
0 0 0


 .

The expressions of the derivatives with respect to cartesian coordinates of a modula-
tion functionf(θ, φ) for θ = 0 take the simple form:

f,1 = r−1c∂φf, f,2 = r−1s−1∂θf, f,3 = −r−1s∂φf, (17)

and

f,11 = r−2
(
c2∂φφf − 2cs∂φf

)
, f,22 = r−2

(
s−2∂θθf + cs−1∂φf

)
,

f,33 = r−2
(
s2∂φφf + 2cs∂φf

)
, f,12 = r−2

(
cs−1∂φθf − s−2∂θf

)
, (18)

f,13 = r−2
(
−cs∂φφf − (c2 − s2)∂φf

)
, f,23 = −r−2∂φθf.

The components of the unit vectorx̂ are

r,1 = s, r,2 = 0, r,3 = c. (19)

3.2. Modulation function Ûik

Explicit expressions for the non-zero terms of the modulation functionÛik(θ = 0, φ) =
Hik(θ = 0, φ) in the planex2 = 0, can be obtained as shown in [9], see also [1],

H(x̂) =



H11 0 H13

0 H22 0
H13 0 H33


 , (20)
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whereHik = Hik(0, φ) are expressed as

H11 =
1

C66β3

+
C44c

2 + C33s
2

C11C44gh
− f

ξ
,

H22 =
1

C11g
+

f

ξ
,

H33 =
1

gh

{
h+ c2

C44

+
s2

C11

}
,

H13 = H̃13s,

(21)

and

H̃13 =
(C13 + C44)c

C11C44gh
,

β3 =

{
C66c

2 + C44s
2

C66

}1/2

,

h =

{
c4 +

ηs2c2

C11C44

+
C33s

4

C11

}1/2

,

g =

{
2(h+ c2) +

ηs2

C11C44

}1/2

,

(22)

ξ = g(h+ gβ3 + β2
3),

f =
h+ c2

C66

+
gh

C66β3

+
C33s

2

C11C44

,

η = C11C33 − C2
13 − 2C13C44,

(23)

β3, h, g andξ being bounded and positive dimensionless functions given in terms ofc
ands [9]. This is a key issue for the expressions of modulation functions presented in the
following sections, as these dimensionless functions are the only functions appearing in
the denominators. This fact will guarantee the non-singular character of the modulation
function expressions presented.

Finally, bringing together Equations (1), (4), (12), (15) and (20-23), an explicit and
completely general expression for the fundamental solutionU(x) in a transversely isotropic
material is obtained. The form of this expression suitable for a computational implemen-
tation obtained by performing explicitly the transforms indicated in (12) is given in [1].
The presence of several zero components inH(x̂) andΩ leads to simple and short ex-
pressions of the components ofH(x).

3.3. Modulation function Ûik;j

In order to evaluatêUik;j(θ = 0, φ), we first evaluate the derivatives indicated in (5). By
applying formulas in (17) to (4), the following expressionsof Ĥik;j(θ = 0, φ) defined
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in (7) are easily obtained in terms of derivatives ofHik(θ, φ):

Ĥik;1 = c∂φHik(0, φ),

Ĥik;2 = s−1∂θHik(0, φ), (24)

Ĥik;3 = −s∂φHik(0, φ).

The required expressions of the first order partial derivatives ofHik(θ, φ) with respect
to anglesθ andφ can be evaluated from (12) in view of (4) as follows:

∂φHik(θ, φ) =Ωim(θ)Ωjn(θ)∂φHmn(0, φ) (25)

∂θHik(θ, φ) =
(
Ω′

im(θ)Ωjn(θ) + Ωim(θ)Ω′

jn(θ)
)
Hmn(0, φ). (26)

For the particular case ofθ = 0, and in view of (16), derivatives (25) can be expressed as

∂φHik(0, φ) =Ωim(0)Ωjn(0)∂φHmn(0, φ)

=



H ′

11 0 H ′

13

0 H ′

22 0
H ′

13 0 H ′

33


 ,

(27)

whereH ′

mn = ∂φHmn(θ = 0, φ) represent the derivatives of the corresponding functions
defined in (21) and will be expressed explicitly later on, andderivatives (26) as

∂θHik(0, φ) =
(
Ω′

im(0)Ωjn(0) + Ωim(0)Ω′

jn(0)
)
Hmn(0, φ)

=




0 H11 −H22 0
H11 −H22 0 H13

0 H13 0


 ,

(28)

whereHmn = Hmn(0, φ).
The completely general and closed-form expressions ofÛik;j(x̂) can now be easily

obtained by substitution of (24) with (27-28) and (19-20) into (9) considered for a point
x̂ (i.e. θ = 0). The expressions obtained are presented in a compact form suitable for
computer implementation:

Û11;1 = H ′

11c−H11s, Û12;2 = H̃12s, Û11;3 = −H ′

11s−H11c,

Û22;1 = H ′

22c−H22s, Û23;2 = H̃13, Û22;3 = −H ′

22s−H22c,

Û33;1 = H ′

33c−H33s, Û33;3 = −H ′

33s−H33c,

Û13;1 = H ′

13c−H13s, Û13;3 = −H ′

13s−H13c,

(29)

where

H ′

11 = H̃11s, H ′

22 = H̃22s, H ′

33 = H̃33s, (30)
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H̃11 = − β̃3

C66β2
3

− C44c
2 + C33s

2

C11C44gh

(
h̃

h
+

g̃

g

)
+

2 (C33 − C44) c

C11C44gh
− 1

ξ

(
f̃ − ξ̃f

ξ

)
,

H̃22 = − g̃

C11g2
+

1

ξ

(
f̃ − ξ̃f

ξ

)
,

H̃33 = − 1

gh

(
2c

C11

+
h̃− 2c

C44

)
−H33

(
h̃

h
+

g̃

g

)
, (31)

H̃12 =
C33

C11C44gh
− ηc2 + C33C44s

2

C11C44 (h+ c2)

(
1

C11gh
+

g

C66β3ξ

)
,

+
1

ξ

(
η − 2C33C66

C11C44C66

+
C44g

C2
66β3

)
,

H ′

13 =
C13 + C44

C11C44gh

(
c2 − s2 − γcs

)
,

γ =
g′

g
+

h′

h
,

and

β̃3 =
(C44 − C66) c

C66β3

,

h̃ =
1

h

(
ηc

C11C44

(
c2 − s2

)
+

2C33cs
2

C11

− 2c3
)
,

g̃ =
1

g

(
ηc

C11C44

+ h̃− 2c

)
, (32)

ξ̃ = g

(
2 (C44 − C66) c

C66

+ h̃+ β3g̃ + β̃3g

)
+

g̃ξ

g
,

f̃ =
h̃− 2c

C66

+
1

C66β3

(
hg̃ + h̃g − β̃3gh

β3

)
+

2C33c

C11C44

.

In (32), ‘tilde’ functions are related toβ′

3, h
′, g′, ξ′, andf ′, that represent the first order

derivatives with respect to the angleφ (at θ = 0) of the corresponding functions defined
in (22-23), in the following way:

β′

3 = β̃3s, h′ = h̃s, g′ = g̃s, ξ′ = ξ̃s, f ′ = f̃ s. (33)

‘Tilde’ functions are introduced in order to avoid the presence of divisions bys, that will
lead eventually in divisions by zero whenφ = 0.

The remaining components of̂Uik;j(x̂) vanish,

Û12;1 = Û23;1 = Û11;2 = Û13;2 = Û22;2 = Û33;2 = Û12;3 = Û23;3 = 0. (34)

It should be mentioned that in the original expression ofÛ12,2(x̂), directly obtained by
differentiating (24), the term(H11 −H22)/s appeared, which would lead to zero divided
by zero for points at thex3-axis. This term, which has a finite limit value forφ → 0 or π,
has been rewritten in the form̃H12s, which is well defined for any point withr > 0.
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3.4. Modulation function Ûik;jℓ

To determineÛik;jℓ(θ = 0, φ), we first evaluate the second order derivatives appearing
in (6). Using formulas in (18) applied to (4), the following expressions of̂Hik;jℓ(θ = 0, φ)
defined in (8) are easily obtained in terms of derivatives ofHik(θ, φ):

Ĥik;11 = c2∂2
φφHik(0, φ)− 2cs∂φHik(0, φ),

Ĥik;22 = s−2∂2
θθHik(0, φ) + cs−1∂φHik(0, φ),

Ĥik;33 = s2∂2
φφHik(0, φ) + 2cs∂φHik(0, φ),

Ĥik;12 = cs−1∂2
φθHik(0, φ)− s−2∂θHik(0, φ), (35)

Ĥik;13 = −cs∂2
φφHik(0, φ)− (c2 − s2)∂φHik(0, φ),

Ĥik;23 = −∂2
φθHik(0, φ).

Recall the following symmetry relations, due to the interchanging the order of taking
partial derivatives,

Ĥik;jℓ = Ĥik;ℓj . (36)

The required expressions of the second order partial derivatives of Hik(θ, φ) with
respect to anglesθ andφ can be evaluated from (12) in view of (4) as follows:

∂2
φφHik(θ, φ) =Ωim(θ)Ωjn(θ)∂φφHmn(0, φ), (37)

∂2
φθHik(θ, φ) =

(
Ω′

im(θ)Ωjn(θ) + Ωim(θ)Ω′

jn(θ)
)
∂φHmn(0, φ), (38)

∂2
θθHik(θ, φ) =

(
Ω′′

im(θ)Ωjn(θ) + 2Ω′

im(θ)Ω′

jn(θ) + Ωim(θ)Ω′′

jn(θ)
)
Hmn(0, φ).

(39)

For the particular case ofθ = 0, and in view of (16), derivatives (37-39) can be expressed
as:

∂2
φφHik(0, φ) =Ωim(0)Ωjn(0)∂φφHmn(0, φ)

=



H ′′

11 0 H ′′

13

0 H ′′

22 0
H ′′

13 0 H ′′

33


 , (40)

∂2
φθHik(0, φ) =

(
Ω′

im(0)Ωjn(0) + Ωim(0)Ω′

jn(0)
)
∂φHmn(0, φ)

=




0 H ′

11 −H ′

22 0
H ′

11 −H ′

22 0 H ′

13

0 H ′

13 0


 , (41)

∂2
θθHik(0, φ) =

(
Ω′′

im(0)Ωjn(0) + 2Ω′

im(0)Ω′

jn(0) + Ωim(0)Ω′′

jn(0)
)
Hmn(0, φ)

=



−2(H11 −H22) 0 −H13

0 2(H11 −H22) 0
−H13 0 0


 , (42)

9

V. Mantic et al./ Electronic Journal of Boundary Elements, Vol. 10, No. 1, pp. 1-41 (2012)



whereH ′′

mn = ∂2
φφHmn(θ = 0, φ) represent the second order derivatives of the corre-

sponding functions defined in (21) and will be expressed explicitly in the following.
The completely general and closed-form expressions ofÛik;jℓ(x̂) can now be easily

obtained by substitution of (35), (24) and (20) into (10) considered for a point̂x. The
Ûik;jℓ expressions obtained take the form:

Û11;11 =H ′′

11c
2 − 4H ′

11cs−H11c
2 + 2H11s

2,

Û11;13 =−H ′′

11cs− 2H ′

11(c
2 − s2) + 3H11cs,

Û11;22 =H̃11c− 2H̃12 −H11,

Û11;33 =H ′′

11s
2 + 4H ′

11cs+ 2H11c
2 −H11s

2,

Û12;12 =(H̃11 − H̃22)c− H̃12 −H11 +H22,

Û12;23 =−H ′

11 +H ′

22 − H̃12cs,

Û13;11 =H ′′

13c
2 − 4H ′

13cs−H13c
2 + 2H13s

2,

Û13;13 =−H ′′

13cs− 2H ′

13(c
2 − s2) + 3H13cs,

Û13;22 =− H̃13 (2s+ γc)−H13, (43)

Û13;33 =H ′′

13s
2 + 4H ′

13cs+ 2H13c
2 −H13s

2,

Û22;11 =H ′′

22c
2 − 4H ′

22cs−H22c
2 + 2H22s

2,

Û22;13 =−H ′′

22cs− 2H ′

22(c
2 − s2) + 3H22cs,

Û22;22 =H̃22c+ 2H̃12 −H22,

Û22;33 =H ′′

22s
2 + 4H ′

22cs+ 2H22c
2 −H22s

2,

Û23;23 =−H ′

13 − H̃13c,

Û33;11 =H ′′

33c
2 − 4H ′

33cs−H33c
2 + 2H33s

2,

Û33;13 =−H ′′

33cs− 2H ′

33(c
2 − s2) + 3H33cs,

Û33;22 =−H33 + H̃33c,

Û33;33 =H ′′

33s
2 + 4H ′

33cs+ 2H33c
2 −H33s

2,

and
Û23,12 = Û13,22, (44)

where
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H ′′

13 =
C13 + C44

C11C44hg

[(
g′2

g2
+

h′2

h2
− 4

)
cs− g′′cs+ g′(c2 − s2)

g

−h′′cs+ h′(c2 − s2)

h

]
−H13γ,

H ′′

33 = −H33

(
g′′g − g′2

g2
+

h′′h− h′2

h2

)
−H ′

33γ − γ

gh

(
h′ − 2cs

C44

+
2cs

C11

)

+
1

gh

(
h′′ − 2(c2 − s2)

C44

+
2(c2 − s2)

C11

)
,

H ′′

22 =
2g′2 − g′′g

C11g3
+

1

ξ

(
f ′′ − (ξ′′f + ξ′f ′)ξ − fξ′2

ξ2

)
+

ξ′

ξ2

(
fξ′

ξ
− f ′

)
,

H ′′

11 =
2β′2

3 − β′′

3β3

C66β3
3

+
C44c

2 + C33s
2

C11C44gh

(
γ2 − g′′g − g′2

g2
− h′′h− h′2

h2

)

− 4(C33 − C44)csγ

C11C44gh
− 1

ξ

(
f ′′ − (ξ′′f + ξ′f ′)ξ − fξ′2

ξ2

)
− ξ′

ξ2

(
fξ′

ξ
− f ′

)

+
2(C33 − C44)(c

2 − s2)

C11C44gh
,

β′′

3 = −β′2
3

β3

+
(C44 − C66)

C66β3

(
c2 − s2

)
, (45)

h′′ =
1

h

(
−h′2 − 2h2 + 2

(
3 +

3C33

C11

− η

C11C44

)
c2s2 +

η
(
c2 − s2

)2

C11C44

)
,

g′′ =
1

g

(
h′′ − g′2 +

(
η

C11C44

− 2

)(
c2 − s2

))
,

ξ′′ = g

(
h′′ + β3g

′′ + β′′

3 g + 2β′

3g
′ +

2 (C44 − C66)
(
c2 − s2

)

C66

)

+
g′′ξ

g
+ 2g′

(
ξ′

g
− g′ξ

g2

)
,

f ′′ =
1

C66β3

(
h′′g + hg′′ − β′′

3 gh+ β′

3g
′h+ β′

3h
′g

β3

+
2ghβ′2

3

β2
3

+ 2h′g′
)

− (hg′ + h′g)β′

3

C66β2
3

+
2C33(c

2 − s2)

C11C44

+
h′′ − 2(c2 − s2)

C66

.

Functionsβ′′

3 , h
′′, g′′, ξ′′ andf ′′ represent the second order derivatives with respect to the

angleφ of the corresponding functions defined in (22-23).
The remaining components of̂Uik;jl(x̂) vanish,

Û11;12 = Û11;23 = Û12;11 = Û12;13 = Û12;22 = Û12;33 = Û13;12 = Û13;23 = 0

Û22;12 = Û22;23 = Û23;11 = Û23;13 = Û23;22 = Û23;33 = Û33;12 = Û33;23 = 0. (46)
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4. Final Remarks

The above closed-form expressions of the fundamental solution and its derivatives can
be directly used to deduce expressions of the boundary integral kernelsTik, Dijk and
Sijk in the Somigliana displacement and stress identities [24, 25, 26], after application
of the constitutive law, as shown by Távaraet. al. [1, 2]. Explicit expressions of these
kernels suitable for simple and efficient computer implementation are presented, and their
correctness tested on some examples with known analytic solutions in Távaraet. al.[1, 2]
An advanced application was also introduced in [2]. Some plots of several terms of the
fundamental solution and its derivatives are presented in Appendix A.

The main advantage of the present formulation is that uniqueexpressions in real vari-
able covering all orientations of the transversely isotropic materials and all combinations
of materials parameters are obtained. These features have not even achieved by any other
previous expressions to the best knowledge of the authors.

Additionally, these expressions seem to be more efficient, concerning the computa-
tional time, than previous expressions, which have also been implemented in our 3-D
BEM code for the purpose of comparison. One of the reason for this efficiency consists
of the relatively large number number of vanishing components of the modulation func-
tions forx̂: 2 terms from 6 forÛik(x̂), 8 terms from 18 for̂Uik;j(x̂), and 16 terms from
36 for Ûik;jℓ(x̂). It should be noticed that a Fortran subroutine containing all the above
mentioned expressions is presented in Appendix B.

APPENDIX A: GRAPHICAL REPRESENTATION OF SOME TERMS OF THE
FUNDAMENTAL SOLUTION AND ITS DERIVATIVES

The properties of the fundamental solution and its derivatives presented in the present
work are illustrated in the following Figures. Some terms are plotted for the 3 different
cases of material combinations,△ =

√
C11C33−C13−2C44 (positive, negative or zero).

The material properties used are the ones presented in Table1 in [1]. The plots were done
by means of the computer software Mathematica Version 8.0.
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Figure 2:U11 in planex2 = 0, for △ < 0.

Figure 3:U11 in planex2 = 0, for △ = 0.
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Figure 4:U11 in planex2 = 0, for △ > 0.

Figure 5:U11,1 in planex2 = 0, for △ < 0.
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Figure 6:U11,1 in planex2 = 0, for △ = 0.

Figure 7:U11,1 in planex2 = 0, for △ > 0.
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Figure 8:U11,11 in planex2 = 0, for △ < 0.

Figure 9:U11,11 in planex2 = 0, for △ = 0.
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Figure 10:U11,11 in planex2 = 0, for △ > 0.

Figure 11:U13 in planex2 = 0, for △ < 0.
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Figure 12:U13 in planex2 = 0, for △ = 0.

Figure 13:U13 in planex2 = 0, for △ > 0.
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Figure 14:U13,1 in planex2 = 0, for △ < 0.

Figure 15:U13,1 in planex2 = 0, for △ = 0.
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Figure 16:U13,1 in planex2 = 0, for △ > 0.

Figure 17:U13,11 in planex2 = 0, for △ < 0.

20

V. Mantic et al./ Electronic Journal of Boundary Elements, Vol. 10, No. 1, pp. 1-41 (2012)



Figure 18:U13,11 in planex2 = 0, for △ = 0.

Figure 19:U13,11 in planex2 = 0, for △ > 0.
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Figure 20:U23,2 in planex2 = 0, for △ < 0.

Figure 21:U23,2 in planex2 = 0, for △ = 0.
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Figure 22:U23,2 in planex2 = 0, for △ > 0.

Figure 23:U33 in planex2 = 0, for △ < 0.
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Figure 24:U33 in planex2 = 0, for △ = 0.

Figure 25:U33 in planex2 = 0, for △ > 0.
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Figure 26:U33,1 in planex2 = 0, for △ < 0.

Figure 27:U33,1 in planex2 = 0, for △ = 0.
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Figure 28:U33,1 in planex2 = 0, for △ > 0.

Figure 29:U33,3 in planex2 = 0, for △ < 0.
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Figure 30:U33,3 in planex2 = 0, for △ = 0.

Figure 31:U33,3 in planex2 = 0, for △ > 0.
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Figure 32:U33,11 in planex2 = 0, for △ < 0.

Figure 33:U33,11 in planex2 = 0, for △ = 0.
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Figure 34:U33,11 in planex2 = 0, for △ > 0.

Figure 35:U33,31 = U33,13 in planex2 = 0, for △ < 0.
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Figure 36:U33,31 = U33,13 in planex2 = 0, for △ = 0.

Figure 37:U33,31 = U33,13 in planex2 = 0, for △ > 0.
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APPENDIX B: FORTRAN SUBROUTINE THAT CALCULATES THE
FUNDAMENTAL SOLUTION AND ITS DERIVATIVES

c S u b r o u t i n e t h a t c a l c u l a t e s t h e Green Func t i on and i t s
c d e r i v a t i v e s : U{ i k } , U { i k , j } and U { i k , j l } ( gu , up f
c and uppf as d e f i n e d i n t h e s u b r o u t i n e ) . The e x p r e s s i o n s
c can be used i n t h e d i s p l a c e m e n t and t r a c t i o n boundary
c i n t e g r a l e q u a t i o n s f o r any 3D t r a n s v e r s e l y i s o t r o p i c s o l id .
c
c −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
c AUTHORS
c
c L . Tavara , V . Mantic , J . E . O r t i z and F . Par i s
c Group o f E l a s t i c i t y and S t r e n g t h o f M a t e r i a l s
c Department o f Cont inuum Mechanics
c School o f Eng inee r i ng , U n i v e r s i t y o f S e v i l l e
c Camino de l o s Descubr im ien to s s / n , 41092 , S e v i l l e , Spa in
c Phone : +34−954487299 , 7300
c Fax : +34−954461637
c
c Cor responding Author :
c L . Tavara
c l t ava ra@es i . us . es
c h t t p : / / i n v e s t i g a c i o n . us . es / s i s i u s / s i sshowpub . php? i d p e r s =12449
c
c −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
c Pub l i shed i n :
c V . Mantic , L . Tavara , J . E . O r t i z and F . Par i s .
c Recent deve lopments i n t h e e v a l u a t i o n o f 3D fundamenta l
c s o l u t i o n and i t s d e r i v a t i v e s f o r t r a n s v e r s e l y i s o t r o p i c
c e l a s t i c m a t e r i a l s . E l e c t r o n i c Journa l o f Boundary
c E lements . 2012
c
c −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

su b rou t in e U i k U i k j U i k j l (X, c11 , c12 , c13 , c33 , c44 , c66 , gu , upf , uppf )
c −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
c I n p u t v a r i a b l e s :
c r a d i u s v e c t o r between t h e source p o i n t and f i e l d p o i n t
c r e a l∗8 x ( 3 )
c T r a n s v e r s e l y i s o t r o p i c e l a s t i c s t i f f n e s s c o n s t a n t s
c C {1111}= c11 , C {1122}=c12 , C {1133}=c13 ,
c C {3333}= c33 , C {2323}=c44 , C {1212}= c66
c r e a l∗8 c11 , c12 , c13 , c33 , c44 , c66
c
c Output v a r i a b l e s
c r e a l∗8 gu ( 3 , 3 ) D i sp lacement f undamenta l s o l u t i o n
c r e a l∗8 up f ( 3 , 3 , 3 ) F i r s t o rde r d e r i v a t i v e s
c r e a l∗8 uppf ( 3 , 3 , 3 , 3 ) Second orde r d e r i v a t i v e s
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i m p l i c i t none
c −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
c Model pa ramete rs
c −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
c E l a s t i c s t i f f n e s s c o n s t a n t s

r e a l ∗8 c11 , c12 , c13 , c33 , c44 , c66
c H t e n s o r and D isp lacement f undamenta l s o l u t i o n

r e a l ∗8 Hthe ta ( 3 , 3 ) , gu ( 3 , 3 )
c F i r s t and second orde r d e r i v a t i v e o f t h e
c d i s p l a c e m e n t f undamenta l s o l u t i o n

r e a l ∗8 upf ( 3 , 3 , 3 ) , uppf ( 3 , 3 , 3 , 3 )
c F i r s t and second orde r d e r i v a t i v e s ( when x2 =0)

r e a l ∗8 upg ( 3 , 3 , 3 ) , uppg ( 3 , 3 , 3 , 3 )
c F i r s t and second orde r d e r i v a t i v e s modu la t i on
c f u n c t i o n s ( i n d e p e d e n t o f r )

r e a l ∗8 up ( 3 , 3 , 3 ) , upp ( 3 , 3 , 3 , 3 )
c cos [ ph i ] and s i n [ ph i ] ; cos [ t h e t a ] and s i n [ t h e t a ]

r e a l ∗8 c , s , c t , s t
c Aux . v a r i a b l e s

r e a l ∗8 eta , h , g , beta3 , x i , f , x1 , x2 , x3 , gamma
c D e r i v a t i v e s o f aux . v a r i a b l e s

r e a l ∗8 hp , gp , beta3p , x ip , fp
r e a l ∗8 hg , gg , beta3g , x ig , fg
r e a l ∗8 hpp , gpp , beta3pp , x ipp , fpp

c e x t r a v a r i a b l e s
r e a l ∗8 pi , r t , r12

c New aux . v a r i a b l e s
r e a l ∗8 H11 , H22 , H33 , H13
r e a l ∗8 H11p , H22p , H33p , H13p , H12g , H13g
r e a l ∗8 H11pp , H22pp , H33pp , H13pp , H11g , H22g , H33g

c Radius v e c t o r between t h e source p o i n t and f i e l d p o i n t
r e a l ∗8 x ( 3 )

c −−−−−−−−−−−−−−−−−−− Loca l v a r i a b l e s−−−−−−−−−−−−−−−−−
i n t e g e r i , j , k , l ,m, n , f l a g s d

c ================================================== ====
p i =4. d0∗ da tan ( 1 . d0 )
r t = d s q r t ( x (1)∗∗2+ x (2)∗∗2+ x ( 3 )∗∗2 )
x1=x ( 1 ) ; x2=x ( 2 ) ; x3=x ( 3 )

c −−− C a l c u l a t e aux v a r i a b l e s−−−
r12= d s q r t ( x (1)∗∗2+ x ( 2 )∗∗2 )
c=x ( 3 ) / r t
s= r12 / r t
e t a =c11∗c33−c13∗∗2−2.∗ c13∗c44
be ta3 = d s q r t ( ( c66∗c∗∗2+ c44∗ s∗∗2 ) / c66 )
h= d s q r t ( c∗∗4+( e t a∗ s∗ s∗c∗c / ( c11∗c44 ) ) + ( c33∗ ( s∗∗4 ) / c11 ) )
g= d s q r t ( 2∗ ( h+c∗∗2)+ e t a∗s∗∗2 / ( c11∗c44 ) )
x i =g∗ ( h+g∗ be ta3 + be ta3∗ be ta3 )

c −− C a l c u l a t e Hx m a t r i x components−−−
H11 = ( 1 / ( c66∗ be ta3 ) ) + ( ( c44∗c∗c+c33∗s∗ s ) / ( c11∗c44∗g∗h ) )
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& −(1/ x i ) ∗ ( ( h+c∗c ) / c66+g∗h / ( c66∗ be ta3 )+ c33∗s∗ s / ( c11∗c44 ) )
H22 = ( 1 / ( c11∗g ) ) + ( 1 / x i )∗ ( ( h+c∗c ) / c66+g∗h / ( c66∗ be ta3 )+ c33∗ s∗s /

&(c11∗c44 ) )
H33 = ( 1 / ( h∗g ) )∗ ( ( h+c∗c ) / c44+s∗s / c11 )
H13=c∗ s∗ ( c13+c44 ) / ( c11∗c44∗g∗h )

c −− C a l c u l a t e Cos ( t h e t a ) and S in ( t h e t a ) r o t a t i o n m a t r i x−−−
c t =x ( 1 ) / r12
s t =x ( 2 ) / r12

c −−− C a l c u l a t e Htheta t e n s o r components−−−
c E x p l i c i t r o t a t i o n ( f a s t e r than i m p l i c i t )

Hthe ta (1 ,1 )= H11∗ c t ∗∗2+H22∗ s t∗∗2
Hthe ta ( 1 , 2 ) = ( H11−H22 )∗ c t∗ s t
H the ta (1 ,3 )= H13∗ c t
H the ta (2 ,2 )= H22∗ c t ∗∗2+H11∗ s t∗∗2
Hthe ta (2 ,3 )= H13∗ s t
H the ta (3 ,3 )= H33
Hthe ta (2 ,1 )= H the ta ( 1 , 2 )
H the ta (3 ,1 )= H the ta ( 1 , 3 )
H the ta (3 ,2 )= H the ta ( 2 , 3 )

gu= Hthe ta / ( 4 . d0∗ p i ∗ r t )
c −−− C a l c u l a t e aux v a r i a b l e s−−−

f =( h+c∗c ) / C66+g∗h / ( C66∗ be ta3 )+C33∗s∗ s / ( C11∗C44 )

H12g=C33 / ( C11∗C44∗g∗h)−( e t a∗c∗∗2+C33∗C44∗s ∗ ∗2 )∗ ( 1 / ( C11∗g∗h )+
&g / ( C66∗ be ta3∗ x i ) ) / ( C11∗C44∗ ( h+c∗∗2 ) ) + ( ( e ta−2∗C33∗C66 ) /
&(C11∗C44∗C66 ) + ( C44∗g ) / ( C66∗∗2∗ be ta3 ) ) / x i

be ta3g =(C44−C66 )∗ c / ( C66∗ be ta3 )

hg = ( ( ( e t a∗c )∗ ( c∗∗2−s ∗ ∗ 2 ) ) / ( C11∗C44 ) + ( 2 .∗C33∗c∗s∗∗2 ) / C11−
&2.∗ c ∗∗3 ) / h

gg = ( ( e t a∗c ) / ( C11∗C44 )+ hg−2.∗c ) / g

x i g =g∗ (2∗ c∗ ( C44−C66 ) / C66+hg+ be ta3∗gg+ be ta3g∗g )+ gg∗ x i / g

fg =2∗c∗C33 / ( C11∗C44 ) + ( hg−2∗c ) / C66+
&(h∗gg+hg∗g−be ta3g∗g∗h / be ta3 ) / ( C66∗ be ta3 )

H33g=(2∗ c / C11 +( hg−2∗c ) / C44 ) / ( h∗g)−H33∗ ( gg / g+hg / h )

H22g=−gg / ( C11∗g∗∗2)+( fg−x ig ∗ f / x i ) / x i

H11g=−be ta3g / ( C66∗ be ta3∗∗2)−(C44∗c∗∗2+C33∗ s∗∗2)∗ ( gg / g+hg / h ) /
&(C11∗C44∗h∗g )+2∗ ( C33−C44 )∗ c / ( C11∗C44∗h∗g)−( fg−x ig ∗ f / x i ) / x i

be ta3p = be ta3g∗ s
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hp=hg∗ s
gp=gg∗ s
x ip = x ig∗ s
fp = fg∗ s
H11p=H11g∗s
H22p=H22g∗s
H33p=H33g∗s
gamma=gp / g+hp / h
H13g=c∗ ( C13+C44 ) / ( C11∗C44∗g∗h )
H13p=(C13+C44 )∗ ( c∗∗2−s∗∗2−c∗s∗gp / g−c∗ s∗hp / h ) / ( C11∗C44∗h∗g )

c −− F i r s t Order D e r i v a t i v e s o f GU−− ( d2U / d x i d x j ) when x2=0

upg =0. d0
upg ( 1 , 1 , 1 ) = H11p∗c−H11∗s
upg ( 2 , 2 , 1 ) = H22p∗c−H22∗s
upg ( 3 , 3 , 1 ) = H33p∗c−H33∗s
upg ( 1 , 3 , 1 ) = H13p∗c−H13∗s
upg ( 3 , 1 , 1 ) = upg ( 1 , 3 , 1 )
upg ( 2 , 3 , 2 ) = H13g
upg ( 1 , 2 , 2 ) = H12g∗s
upg ( 2 , 1 , 2 ) = upg ( 1 , 2 , 2 )
upg ( 3 , 2 , 2 ) = upg ( 2 , 3 , 2 )
upg (1 ,1 ,3)=−H11p∗s−H11∗c
upg (2 ,2 ,3)=−H22p∗s−H22∗c
upg (3 ,3 ,3)=−H33p∗s−H33∗c
upg (1 ,3 ,3)=−H13p∗s−H13∗c
upg ( 3 , 1 , 3 ) = upg ( 1 , 3 , 3 )

c −−− C a l c u l a t e up t e n s o r components f rom upg−−−
c E x p l i c i t r o t a t i o n ( f a s t e r than i m p l i c i t )

up ( 1 , 1 , 1 ) = c t∗ ( upg ( 1 , 1 , 1 )∗ c t ∗∗2+(2∗ upg ( 1 , 2 , 2 ) + upg ( 2 , 2 , 1 ) )∗ s t ∗∗2)
up ( 1 , 1 , 2 ) = s t∗ ( ( upg (1 ,1 ,1)−2∗ upg ( 1 , 2 , 2 ) )∗ c t ∗∗2+upg ( 2 , 2 , 1 )∗ s t ∗∗2)
up ( 1 , 1 , 3 ) = upg ( 1 , 1 , 3 )∗ c t ∗∗2+upg ( 2 , 2 , 3 )∗ s t∗∗2
up ( 1 , 2 , 1 ) = s t∗ ( upg ( 1 , 2 , 2 )∗ s t ∗∗2+( upg (1 ,1 ,1)− upg ( 1 , 2 , 2 )

&−upg ( 2 , 2 , 1 ) )∗ c t ∗∗2)
up ( 1 , 2 , 2 ) = c t∗ ( upg ( 1 , 2 , 2 )∗ c t ∗∗2+( upg (1 ,1 ,1)− upg ( 1 , 2 , 2 )

&−upg ( 2 , 2 , 1 ) )∗ s t ∗∗2)
up ( 1 , 2 , 3 ) = c t∗ s t ∗ ( upg (1 ,1 ,3)− upg ( 2 , 2 , 3 ) )
up ( 1 , 3 , 1 ) = upg ( 1 , 3 , 1 )∗ c t ∗∗2+upg ( 2 , 3 , 2 )∗ s t∗∗2
up ( 1 , 3 , 2 ) = c t∗ s t ∗ ( upg (1 ,3 ,1)− upg ( 2 , 3 , 2 ) )
up ( 1 , 3 , 3 ) = upg ( 1 , 3 , 3 )∗ c t
up ( 2 , 2 , 1 ) = c t∗ ( ( upg (1 ,1 ,1)−2∗ upg ( 1 , 2 , 2 ) )∗ s t∗∗2+upg ( 2 , 2 , 1 )∗ c t ∗∗2)
up ( 2 , 2 , 2 ) = s t∗ ( upg ( 1 , 1 , 1 )∗ s t ∗∗2+(2∗ upg ( 1 , 2 , 2 ) + upg ( 2 , 2 , 1 ) )∗ c t ∗∗2)
up ( 2 , 2 , 3 ) = upg ( 1 , 1 , 3 )∗ s t∗∗2+upg ( 2 , 2 , 3 )∗ c t ∗∗2
up ( 2 , 3 , 1 ) = c t∗ s t ∗ ( upg (1 ,3 ,1)− upg ( 2 , 3 , 2 ) )
up ( 2 , 3 , 2 ) = upg ( 1 , 3 , 1 )∗ s t∗∗2+upg ( 2 , 3 , 2 )∗ c t ∗∗2
up ( 2 , 3 , 3 ) = upg ( 1 , 3 , 3 )∗ s t
up ( 3 , 3 , 1 ) = upg ( 3 , 3 , 1 )∗ c t
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up ( 3 , 3 , 2 ) = upg ( 3 , 3 , 1 )∗ s t
up ( 3 , 3 , 3 ) = upg ( 3 , 3 , 3 )
up ( 2 , 1 , 1 ) = up ( 1 , 2 , 1 )
up ( 2 , 1 , 2 ) = up ( 1 , 2 , 2 )
up ( 2 , 1 , 3 ) = up ( 1 , 2 , 3 )
up ( 3 , 1 , 1 ) = up ( 1 , 3 , 1 )
up ( 3 , 1 , 2 ) = up ( 1 , 3 , 2 )
up ( 3 , 1 , 3 ) = up ( 1 , 3 , 3 )
up ( 3 , 2 , 1 ) = up ( 2 , 3 , 1 )
up ( 3 , 2 , 2 ) = up ( 2 , 3 , 2 )
up ( 3 , 2 , 3 ) = up ( 2 , 3 , 3 )

upf=up / ( 4 . d0∗ p i ∗ r t ∗∗2)

c −−− C a l c u l a t e NEW aux v a r i a b l e s−−−
be ta3pp=−be ta3p∗∗2/ be ta3 +(C44−C66 )∗ ( c∗∗2−s ∗ ∗2 ) / ( C66∗ be ta3 )

hpp=(−hp∗∗2−2∗h∗∗2+2∗ c∗∗2∗ s∗∗2∗(3+3∗C33 / C11−e t a / ( C11∗C44 ) ) +
&e t a ∗ ( ( c∗∗2−s∗∗2 )∗∗2 ) / ( C11∗C44 ) ) / h

gpp=(−gp∗∗2+( c∗∗2−s∗∗2)∗ ( e t a / ( C11∗C44)−2)+ hpp ) / g

x ipp =2∗gp∗ ( x i p / g−gp∗ x i / ( g ∗∗2) )+ g∗ ( 2∗ ( C44−C66 )∗ ( c∗∗2−s∗∗2 ) / C66
&+hpp+2∗ be ta3p∗gp+ be ta3∗gpp+ be ta3pp∗g )+ gpp∗ x i / g

fpp =2∗C33∗ ( c∗∗2−s ∗ ∗2 ) / ( C11∗C44 ) + ( hpp−2∗(c∗∗2−s ∗ ∗2 ) ) / C66+
&(2∗hp∗gp+h∗gpp+hpp∗g−( be ta3pp∗g∗h+ be ta3p∗gp∗h+ be ta3p∗hp∗g ) / be ta3
&+2∗g∗h∗ be ta3p∗∗2 / ( be ta3∗ ∗ 2 ) ) / ( C66∗ be ta3 )
&−(h∗gp+hp∗g )∗ be ta3p / ( C66∗ be ta3∗∗2)

H13pp=−H13p∗gamma+(C13+C44)∗(−4∗c∗s−(( c∗∗2−s∗∗2)∗ gp+c∗ s∗gpp ) / g−
&(( c∗∗2−s∗∗2)∗ hp+c∗ s∗hpp ) / h+c∗s ∗ ( ( gp / g )∗∗2+( hp / h )∗∗2 ) )
&/(C11∗C44∗h∗g )

H33pp=−(gp / ( h∗g∗∗2)+ hp / ( g∗h∗∗2) )∗ ( 2∗ c∗ s / C11 +( hp−2∗c∗s ) / C44 )+
&(2∗( c∗∗2−s∗∗2 ) / C11 +( hpp−2∗(c∗∗2−s ∗ ∗2 ) ) / C44 ) / ( g∗h)−H33p∗gamma−
&H33 ∗ ( ( gpp∗g−gp∗ ∗2 ) / ( g∗∗2)+( hpp∗h−hp∗ ∗2 ) / ( h∗∗2) )

H22pp = ( 2 .∗ ( gp∗∗2)−gpp∗g ) / ( C11∗g∗∗3)+ x ip ∗ ( f ∗ x ip / x i−fp ) / ( x i ∗∗2)+
&( fpp −(( x ipp∗ f + x i p ∗ fp )∗ xi−f ∗ x ip ∗ ∗2 ) / ( x i ∗ ∗2 ) ) / x i

H11pp =(2∗ be ta3p∗∗2−be ta3pp∗ be ta3 ) / ( C66∗ be ta3∗∗3)−4∗ c∗s∗ ( C33−C44 )
&∗gamma / ( C11∗C44∗g∗h ) + ( C44∗c∗∗2+C33∗s∗∗2)∗ (gamma∗∗2−
&(gpp∗g−gp∗ ∗2 ) / ( g∗∗2)−( hpp∗h−hp∗ ∗2 ) / ( h∗ ∗ 2 ) ) / ( C11∗C44∗g∗h )+
&2∗(C33−C44 )∗ ( c∗∗2−s ∗ ∗2 ) / ( C11∗C44∗g∗h)−x ip ∗ ( f ∗ x ip / x i−fp ) / ( x i ∗∗2)−
&( fpp −(( x ipp∗ f + x i p ∗ fp )∗ xi−f ∗ x ip ∗ ∗2 ) / ( x i ∗ ∗2 ) ) / x i

c −− Second Order D e r i v a t i v e s o f GU−− ( d2U / d x i d x j ) when x2=0
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uppg =0. d0
uppg ( 1 , 1 , 1 , 1 ) = H11pp∗c∗∗2−4∗H11p∗c∗s−H11∗c∗∗2+2∗H11∗s∗∗2
uppg (1 ,1 ,1 ,3)=−H11pp∗c∗s−2∗H11p∗ ( c∗∗2−s∗∗2)+3∗H11∗c∗s
uppg ( 1 , 1 , 2 , 2 ) = H11g∗c−2∗H12g−H11
uppg ( 1 , 1 , 3 , 3 ) = H11pp∗ s∗∗2+4∗H11p∗c∗s +2∗H11∗c∗∗2−H11∗s∗∗2
uppg ( 1 , 2 , 1 , 2 ) = ( H11g−H22g )∗ c−H12g−H11+H22
uppg (1 ,2 ,2 ,3)=−H11p+H22p−H12g∗c∗ s
uppg ( 1 , 3 , 1 , 1 ) = H13pp∗c∗∗2−4∗H13p∗c∗s−H13∗c∗∗2+2∗H13∗s∗∗2
uppg (1 ,3 ,1 ,3)=−H13pp∗c∗s−2∗H13p∗ ( c∗∗2−s∗∗2)+3∗H13∗c∗s
uppg (1 ,3 ,2 ,2)=−H13g∗ (2∗ s+gamma∗c)−H13
uppg ( 1 , 3 , 3 , 3 ) = H13pp∗ s∗∗2+4∗H13p∗c∗s +2∗H13∗c∗∗2−H13∗s∗∗2
uppg ( 2 , 2 , 1 , 1 ) = H22pp∗c∗∗2−4∗H22p∗c∗s−H22∗c∗∗2+2∗H22∗s∗∗2
uppg (2 ,2 ,1 ,3)=−H22pp∗c∗s−2∗H22p∗ ( c∗∗2−s∗∗2)+3∗H22∗c∗s
uppg ( 2 , 2 , 2 , 2 ) = H22g∗c+2∗H12g−H22
uppg ( 2 , 2 , 3 , 3 ) = H22pp∗ s∗∗2+4∗H22p∗c∗s +2∗H22∗c∗∗2−H22∗s∗∗2
uppg (2 ,3 ,2 ,3)=−H13p−H13g∗c
uppg ( 3 , 3 , 1 , 1 ) = H33pp∗c∗∗2−4∗H33p∗c∗s−H33∗c∗∗2+2∗H33∗s∗∗2
uppg (3 ,3 ,1 ,3)=−H33pp∗c∗s−2∗H33p∗ ( c∗∗2−s∗∗2)+3∗H33∗c∗s
uppg (3 ,3 ,2 ,2)=−H33+H33g∗c
uppg ( 3 , 3 , 3 , 3 ) = H33pp∗ s∗∗2+4∗H33p∗c∗s +2∗H33∗c∗∗2−H33∗s∗∗2
uppg ( 2 , 3 , 1 , 2 ) = uppg ( 1 , 3 , 2 , 2 )

c E x p l i c i t r o t a t i o n ( f a s t e r than i m p l i c i t )

upp ( 1 , 1 , 1 , 1 ) = uppg ( 1 , 1 , 1 , 1 )∗ c t ∗∗4+uppg ( 1 , 1 , 2 , 2 )∗ c t ∗∗2∗ s t∗∗2+4
&∗uppg ( 1 , 2 , 1 , 2 )∗ c t ∗∗2∗ s t∗∗2+uppg ( 2 , 2 , 1 , 1 )∗ c t ∗∗2∗ s t∗∗2+ uppg ( 2 , 2 , 2 , 2 )
&∗s t∗∗4

upp ( 1 , 1 , 1 , 2 ) = uppg ( 1 , 1 , 1 , 1 )∗ s t∗ c t∗∗3−uppg ( 1 , 1 , 2 , 2 )∗ s t∗ c t ∗∗3
&−2∗uppg ( 1 , 2 , 1 , 2 )∗ s t∗ c t ∗∗3+2∗ uppg ( 1 , 2 , 1 , 2 )∗ c t∗ s t∗∗3+uppg ( 2 , 2 , 1 , 1 )
&∗c t∗ s t∗∗3−uppg ( 2 , 2 , 2 , 2 )∗ c t∗ s t∗∗3

upp ( 1 , 1 , 1 , 3 ) = uppg ( 1 , 1 , 1 , 3 )∗ c t ∗∗3+2∗ uppg ( 1 , 2 , 2 , 3 )∗ c t∗ s t∗∗2
&+uppg ( 2 , 2 , 1 , 3 )∗ c t∗ s t∗∗2

upp ( 1 , 1 , 2 , 2 ) = uppg ( 1 , 1 , 1 , 1 )∗ c t ∗∗2∗ s t∗∗2+uppg ( 1 , 1 , 2 , 2 )∗ c t ∗∗4
&−4∗uppg ( 1 , 2 , 1 , 2 )∗ c t ∗∗2∗ s t∗∗2+ uppg ( 2 , 2 , 1 , 1 )∗ s t∗∗4+ uppg ( 2 , 2 , 2 , 2 )
&∗c t ∗∗2∗ s t∗∗2

upp ( 1 , 1 , 2 , 3 ) = uppg ( 1 , 1 , 1 , 3 )∗ s t∗ c t∗∗2−2∗uppg ( 1 , 2 , 2 , 3 )∗ s t∗ c t ∗∗2
&+uppg ( 2 , 2 , 1 , 3 )∗ s t∗∗3

upp ( 1 , 1 , 3 , 3 ) = uppg ( 1 , 1 , 3 , 3 )∗ c t ∗∗2+uppg ( 2 , 2 , 3 , 3 )∗ s t∗∗2

upp ( 1 , 2 , 1 , 1 ) = uppg ( 1 , 1 , 1 , 1 )∗ s t∗ c t ∗∗3+ uppg ( 1 , 1 , 2 , 2 )∗ c t∗ s t∗∗3
&−2∗uppg ( 1 , 2 , 1 , 2 )∗ s t∗ c t ∗∗3+2∗ uppg ( 1 , 2 , 1 , 2 )∗ c t∗ s t∗∗3−uppg ( 2 , 2 , 1 , 1 )
&∗s t∗ c t∗∗3−uppg ( 2 , 2 , 2 , 2 )∗ c t∗ s t∗∗3

upp ( 1 , 2 , 1 , 2 ) = uppg ( 1 , 1 , 1 , 1 )∗ c t ∗∗2∗ s t∗∗2−uppg ( 1 , 1 , 2 , 2 )∗ c t ∗∗2∗ s t∗∗2
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&+uppg ( 1 , 2 , 1 , 2 )∗ c t∗∗4−2∗uppg ( 1 , 2 , 1 , 2 )∗ c t ∗∗2∗ s t∗∗2+ uppg ( 1 , 2 , 1 , 2 )
&∗s t∗∗4−uppg ( 2 , 2 , 1 , 1 )∗ c t ∗∗2∗ s t∗∗2+uppg ( 2 , 2 , 2 , 2 )∗ c t ∗∗2∗ s t∗∗2

upp ( 1 , 2 , 1 , 3 ) = uppg ( 1 , 1 , 1 , 3 )∗ s t∗ c t∗∗2−uppg ( 1 , 2 , 2 , 3 )∗ s t∗ c t ∗∗2
&+uppg ( 1 , 2 , 2 , 3 )∗ s t∗∗3−uppg ( 2 , 2 , 1 , 3 )∗ s t∗ c t ∗∗2

upp ( 1 , 2 , 2 , 2 ) = uppg ( 1 , 1 , 1 , 1 )∗ c t∗ s t∗∗3+ uppg ( 1 , 1 , 2 , 2 )∗ s t∗ c t ∗∗3
&+2∗uppg ( 1 , 2 , 1 , 2 )∗ s t∗ c t∗∗3−2∗uppg ( 1 , 2 , 1 , 2 )∗ c t∗ s t∗∗3−uppg ( 2 , 2 , 1 , 1 )
&∗c t∗ s t∗∗3−uppg ( 2 , 2 , 2 , 2 )∗ s t∗ c t ∗∗3

upp ( 1 , 2 , 2 , 3 ) = uppg ( 1 , 1 , 1 , 3 )∗ c t∗ s t∗∗2+ uppg ( 1 , 2 , 2 , 3 )∗ c t ∗∗3
&−uppg ( 1 , 2 , 2 , 3 )∗ c t∗ s t∗∗2−uppg ( 2 , 2 , 1 , 3 )∗ c t∗ s t∗∗2

upp ( 1 , 2 , 3 , 3 ) = uppg ( 1 , 1 , 3 , 3 )∗ c t∗ s t−uppg ( 2 , 2 , 3 , 3 )∗ c t∗ s t

upp ( 1 , 3 , 1 , 1 ) = uppg ( 1 , 3 , 1 , 1 )∗ c t ∗∗3+3∗ uppg ( 1 , 3 , 2 , 2 )∗ c t∗ s t∗∗2

upp ( 1 , 3 , 1 , 2 ) = uppg ( 1 , 3 , 1 , 1 )∗ s t∗ c t∗∗2−2∗uppg ( 1 , 3 , 2 , 2 )∗ s t∗ c t ∗∗2
&+uppg ( 1 , 3 , 2 , 2 )∗ s t∗∗3

upp ( 1 , 3 , 1 , 3 ) = uppg ( 1 , 3 , 1 , 3 )∗ c t ∗∗2+uppg ( 2 , 3 , 2 , 3 )∗ s t∗∗2

upp ( 1 , 3 , 2 , 2 ) = uppg ( 1 , 3 , 1 , 1 )∗ c t∗ s t∗∗2+ uppg ( 1 , 3 , 2 , 2 )∗ c t ∗∗3
&−2∗uppg ( 1 , 3 , 2 , 2 )∗ c t∗ s t∗∗2

upp ( 1 , 3 , 2 , 3 ) = uppg ( 1 , 3 , 1 , 3 )∗ c t∗ s t−uppg ( 2 , 3 , 2 , 3 )∗ c t∗ s t

upp ( 1 , 3 , 3 , 3 ) = uppg ( 1 , 3 , 3 , 3 )∗ c t

upp ( 2 , 2 , 1 , 1 ) = uppg ( 1 , 1 , 1 , 1 )∗ c t ∗∗2∗ s t∗∗2+uppg ( 1 , 1 , 2 , 2 )∗ s t∗∗4
&−4∗uppg ( 1 , 2 , 1 , 2 )∗ c t ∗∗2∗ s t∗∗2+ uppg ( 2 , 2 , 1 , 1 )∗ c t ∗∗4+ uppg ( 2 , 2 , 2 , 2 )
&∗c t ∗∗2∗ s t∗∗2

upp ( 2 , 2 , 1 , 2 ) = uppg ( 1 , 1 , 1 , 1 )∗ c t∗ s t∗∗3−uppg ( 1 , 1 , 2 , 2 )∗ c t∗ s t∗∗3
&+2∗uppg ( 1 , 2 , 1 , 2 )∗ s t∗ c t∗∗3−2∗uppg ( 1 , 2 , 1 , 2 )∗ c t∗ s t∗∗3+uppg ( 2 , 2 , 1 , 1 )
&∗s t∗ c t∗∗3−uppg ( 2 , 2 , 2 , 2 )∗ s t∗ c t ∗∗3

upp ( 2 , 2 , 1 , 3 ) = uppg ( 1 , 1 , 1 , 3 )∗ c t∗ s t∗∗2−2∗uppg ( 1 , 2 , 2 , 3 )∗ c t∗ s t∗∗2
&+uppg ( 2 , 2 , 1 , 3 )∗ c t ∗∗3

upp ( 2 , 2 , 2 , 2 ) = uppg ( 1 , 1 , 1 , 1 )∗ s t∗∗4+uppg ( 1 , 1 , 2 , 2 )∗ c t ∗∗2∗ s t∗∗2
&+4∗uppg ( 1 , 2 , 1 , 2 )∗ c t ∗∗2∗ s t∗∗2+ uppg ( 2 , 2 , 1 , 1 )∗ c t ∗∗2∗ s t∗∗2
&+uppg ( 2 , 2 , 2 , 2 )∗ c t ∗∗4

upp ( 2 , 2 , 2 , 3 ) = uppg ( 1 , 1 , 1 , 3 )∗ s t∗∗3+2∗ uppg ( 1 , 2 , 2 , 3 )∗ s t∗ c t ∗∗2
&+uppg ( 2 , 2 , 1 , 3 )∗ s t∗ c t ∗∗2

upp ( 2 , 2 , 3 , 3 ) = uppg ( 1 , 1 , 3 , 3 )∗ s t∗∗2+uppg ( 2 , 2 , 3 , 3 )∗ c t ∗∗2
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upp ( 2 , 3 , 1 , 1 ) = uppg ( 1 , 3 , 1 , 1 )∗ s t∗ c t∗∗2−2∗uppg ( 1 , 3 , 2 , 2 )∗ s t∗ c t ∗∗2
&+uppg ( 1 , 3 , 2 , 2 )∗ s t∗∗3

upp ( 2 , 3 , 1 , 2 ) = uppg ( 1 , 3 , 1 , 1 )∗ c t∗ s t∗∗2+ uppg ( 1 , 3 , 2 , 2 )∗ c t ∗∗3
&−2∗uppg ( 1 , 3 , 2 , 2 )∗ c t∗ s t∗∗2

upp ( 2 , 3 , 1 , 3 ) = uppg ( 1 , 3 , 1 , 3 )∗ c t∗ s t−uppg ( 2 , 3 , 2 , 3 )∗ c t∗ s t

upp ( 2 , 3 , 2 , 2 ) = uppg ( 1 , 3 , 1 , 1 )∗ s t∗∗3+3∗ uppg ( 1 , 3 , 2 , 2 )∗ s t∗ c t ∗∗2

upp ( 2 , 3 , 2 , 3 ) = uppg ( 1 , 3 , 1 , 3 )∗ s t∗∗2+uppg ( 2 , 3 , 2 , 3 )∗ c t ∗∗2

upp ( 2 , 3 , 3 , 3 ) = uppg ( 1 , 3 , 3 , 3 )∗ s t

upp ( 3 , 3 , 1 , 1 ) = uppg ( 3 , 3 , 1 , 1 )∗ c t ∗∗2+uppg ( 3 , 3 , 2 , 2 )∗ s t∗∗2

upp ( 3 , 3 , 1 , 2 ) = uppg ( 3 , 3 , 1 , 1 )∗ c t∗ s t−uppg ( 3 , 3 , 2 , 2 )∗ c t∗ s t

upp ( 3 , 3 , 1 , 3 ) = uppg ( 3 , 3 , 1 , 3 )∗ c t

upp ( 3 , 3 , 2 , 2 ) = uppg ( 3 , 3 , 1 , 1 )∗ s t∗∗2+uppg ( 3 , 3 , 2 , 2 )∗ c t ∗∗2

upp ( 3 , 3 , 2 , 3 ) = uppg ( 3 , 3 , 1 , 3 )∗ s t

upp ( 3 , 3 , 3 , 3 ) = uppg ( 3 , 3 , 3 , 3 )

c Symmetry
upp ( 1 , 1 , 2 , 1 ) = upp ( 1 , 1 , 1 , 2 ) ; upp ( 1 , 1 , 3 , 1 ) = upp ( 1 , 1 , 1 , 3 )
upp ( 1 , 1 , 3 , 2 ) = upp ( 1 , 1 , 2 , 3 ) ; upp ( 1 , 2 , 2 , 1 ) = upp ( 1 , 2 , 1 , 2 )
upp ( 1 , 2 , 3 , 1 ) = upp ( 1 , 2 , 1 , 3 ) ; upp ( 1 , 2 , 3 , 2 ) = upp ( 1 , 2 , 2 , 3 )
upp ( 1 , 3 , 2 , 1 ) = upp ( 1 , 3 , 1 , 2 ) ; upp ( 1 , 3 , 3 , 1 ) = upp ( 1 , 3 , 1 , 3 )
upp ( 1 , 3 , 3 , 2 ) = upp ( 1 , 3 , 2 , 3 ) ; upp ( 2 , 2 , 2 , 1 ) = upp ( 2 , 2 , 1 , 2 )
upp ( 2 , 2 , 3 , 1 ) = upp ( 2 , 2 , 1 , 3 ) ; upp ( 2 , 2 , 3 , 2 ) = upp ( 2 , 2 , 2 , 3 )
upp ( 2 , 3 , 2 , 1 ) = upp ( 2 , 3 , 1 , 2 ) ; upp ( 2 , 3 , 3 , 1 ) = upp ( 2 , 3 , 1 , 3 )
upp ( 2 , 3 , 3 , 2 ) = upp ( 2 , 3 , 2 , 3 ) ; upp ( 3 , 3 , 2 , 1 ) = upp ( 3 , 3 , 1 , 2 )
upp ( 3 , 3 , 3 , 1 ) = upp ( 3 , 3 , 1 , 3 ) ; upp ( 3 , 3 , 3 , 2 ) = upp ( 3 , 3 , 2 , 3 )

c R e c i p r o c i t y
upp ( 3 , 1 , 1 , 1 ) = upp ( 1 , 3 , 1 , 1 ) ; upp ( 3 , 1 , 1 , 2 ) = upp ( 1 , 3 , 1 , 2 )
upp ( 3 , 1 , 1 , 3 ) = upp ( 1 , 3 , 1 , 3 ) ; upp ( 3 , 1 , 2 , 1 ) = upp ( 1 , 3 , 2 , 1 )
upp ( 3 , 1 , 2 , 2 ) = upp ( 1 , 3 , 2 , 2 ) ; upp ( 3 , 1 , 2 , 3 ) = upp ( 1 , 3 , 2 , 3 )
upp ( 3 , 1 , 3 , 1 ) = upp ( 1 , 3 , 3 , 1 ) ; upp ( 3 , 1 , 3 , 2 ) = upp ( 1 , 3 , 3 , 2 )
upp ( 3 , 1 , 3 , 3 ) = upp ( 1 , 3 , 3 , 3 )

upp ( 3 , 2 , 1 , 1 ) = upp ( 2 , 3 , 1 , 1 ) ; upp ( 3 , 2 , 1 , 2 ) = upp ( 2 , 3 , 1 , 2 )
upp ( 3 , 2 , 1 , 3 ) = upp ( 2 , 3 , 1 , 3 ) ; upp ( 3 , 2 , 2 , 1 ) = upp ( 2 , 3 , 2 , 1 )
upp ( 3 , 2 , 2 , 2 ) = upp ( 2 , 3 , 2 , 2 ) ; upp ( 3 , 2 , 2 , 3 ) = upp ( 2 , 3 , 2 , 3 )
upp ( 3 , 2 , 3 , 1 ) = upp ( 2 , 3 , 3 , 1 ) ; upp ( 3 , 2 , 3 , 2 ) = upp ( 2 , 3 , 3 , 2 )
upp ( 3 , 2 , 3 , 3 ) = upp ( 2 , 3 , 3 , 3 )
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upp ( 2 , 1 , 1 , 1 ) = upp ( 1 , 2 , 1 , 1 ) ; upp ( 2 , 1 , 1 , 2 ) = upp ( 1 , 2 , 1 , 2 )
upp ( 2 , 1 , 1 , 3 ) = upp ( 1 , 2 , 1 , 3 ) ; upp ( 2 , 1 , 2 , 1 ) = upp ( 1 , 2 , 2 , 1 )
upp ( 2 , 1 , 2 , 2 ) = upp ( 1 , 2 , 2 , 2 ) ; upp ( 2 , 1 , 2 , 3 ) = upp ( 1 , 2 , 2 , 3 )
upp ( 2 , 1 , 3 , 1 ) = upp ( 1 , 2 , 3 , 1 ) ; upp ( 2 , 1 , 3 , 2 ) = upp ( 1 , 2 , 3 , 2 )
upp ( 2 , 1 , 3 , 3 ) = upp ( 1 , 2 , 3 , 3 )

uppf =upp / ( 4 . d0∗ p i ∗ r t ∗∗3)

re tu rn
end
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Junta de Andalućıa, Projects of Excellence TEP-1207, TEP-2045 and TEP-4051, and by
the Ministerio de Ciencia e Innovación, Spain, Research Projects TRA2006-08077 and
MAT2009-14022.

References
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[18] Sáez A, Ariza MP, Domı́nguez J. Three-dimensional fracture analysis in tranversely
isotropic solids.Engineering Analysis with Boundary Elements; 20:287–298, 1997.

[19] Pan E, Yuan GF. Boundary element analysis of three-dimensional cracks in
anisotropic solids.International Journal for Numerical Methods in Engineering;
48:211–237, 2000.

[20] Loloi M. Boundary integral equation solution of three-dimensional elastostatic prob-
lems in transversely isotropic solids using closed-form displacement fundamental
solutions.International Journal for Numerical Methods in Engineering; 48:823–
842, 2000.

40

V. Mantic et al./ Electronic Journal of Boundary Elements, Vol. 10, No. 1, pp. 1-41 (2012)



[21] Ding HJ, Liang J, Chen B. The unit point force solution for both isotropic and trans-
versely isotropic media.Communications in Numerical Methods in Engineering;
13:95–102, 1997.

[22] Yue ZQ. Elastic fields in two joined transversely isotropic solids due to concentrated
forces.International Journal of Engineering Science; 33:351–369, 1995.

[23] Ariza MP, Domı́nguez J. Boundary element formulation for 3D transversely
isotropic cracked bodies.International Journal for Numerical Methods in Engineer-
ing; 60:719–753, 2004.
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